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EXISTENCE OF AFFINE REALIZATIONS FOR LEVY TERM
STRUCTURE MODELS
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ABSTRACT. We investigate the existence of affine realizations for term struc-
ture models driven by Lévy processes. As it turns out, we obtain more severe
restrictions on the volatility ¢ than in the classical diffusion case without
jumps (see [8, 7, 23]). In particular, we show that for Lévy term structure
models only two of the three well-known short rate models (Ho-Lee, Vasicek,
CIR) still exist, namely the Ho-Lee and the Vasicek model.
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1. INTRODUCTION

In this paper, we investigate when a Lévy driven term structure model admits
an affine realization. More precisely, we consider a market of zero coupon bonds

(1.1) P(,T) = exp ( - /tT_t rt(x)dm), 0<t<T

where the forward curves z — 7;(z) (in the Musiela parametrization [33]) are given
as the solution of a stochastic partial differential equation (SPDE) driven by a Lévy
process X, the so-called HIMM (Heath—Jarrow—Morton—Musiela) equation

(1 2) d’f’t = (%Tt +OéHJM(’f’t))dt+0'(Tt7)dXt
’ ro — ho.
on a suitable Hilbert space H of forward curves, where % denotes the differential

operator, which is generated by the strongly continuous semigroup (S;)¢>o of shifts.

For classical Heath, Jarrow, Morton (HJM) models (see [26]) driven by a Wiener
process, this question has been treated in [30, 36, 12, 1, 28, 3, 5, 10, 11] and finally
completely been solved in [8, 7, 23], see also [2] for a survey.

Lévy term structure models, which generalize the classical HIM framework by
incorporating jumps, have been proposed by Eberlein et al. [13, 14, 15, 16, 17,
18]. With a focus on SPDEs, they have been investigated in [21, 35, 32]. Other
approaches in order to generalize the classical HJIM framework can be found in
Bjork et al. [4, 6], Carmona and Tehranchi [9], and, e.g., [38, 29, 27].

The bond market (1.1) implied by a Lévy term structure model (1.2) is free
of arbitrage if there exists an equivalent (local) martingale measure such that the
discounted bond prices

exp ( - /O t rs(O)ds> PLT), te[0,T]
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are local martingales for all maturities T'. If we formulate the HIMM equation (1.2)
with respect to such an equivalent martingale measure, then the drift is determined
by the volatility, i.e. apgm : H — H is given by the HJM drift condition

(1.3)
ana(t) = (= [*oan) =-omw (- ["owman). nen

where ¥ denotes the cumulant generating function of the Lévy process, see [14, Sec.
2.1].

There are only very few references, such as [13, 31, 25, 27|, that deal with affine
realizations for arbitrage free term structure models with jumps.

In this text, we regard the problem, as in [8, 7, 23], from a geometric point
of view, i.e. the forward rate process has to stay on a so-called foliation of affine
manifolds (see Definition 2.6 below).

As our investigations will show, we obtain more severe restrictions on the volatil-
ity o than in the classical diffusion case, see Theorem 8.1 and Corollary 8.3 below.
In particular, we will show that for Lévy driven term structure models only two of
the three well-known short rate models, which are

e the Ho-Lee model,
e the Hull-White extension of the Vasicek model,
e the Hull-White extension of the Cox-Ingersoll-Ross model

still exist, namely

e the Ho-Lee model,
e the Hull-White extension of the Vasicek model.

We will also have a closer look at the geometry of one of the remaining short rate
models, namely the Vasicek model.

The remainder of this text is organized as follows: In Section 2 we provide results
on invariant foliations and in Section 3 on affine realizations for general stochastic
partial differential equations driven by Lévy processes. Afterwards, we introduce
the space of forward curves in Section 4 and the term structure model in Section 5.
After these preparations, we present a general result on affine realizations for Lévy
term structure models in Section 6. Then, we study constant volatilities in Section 7,
constant direction volatilities in Section 8, approximative realizations for constant
direction volatilities in Section 9, and consequences for short rate realizations in
Section 10.

2. INVARIANT FOLIATIONS FOR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
DRIVEN BY LEVY PROCESSES

In this section, we provide results on invariant foliations for general stochastic
partial differential equations driven by Lévy processes, which we will apply to the
HIMM equation (1.2) later on.

From now on, let (2, F, (F)t>0,P) be a filtered probability space satisfying the
usual conditions and let X be a real-valued Lévy process with Gaussian part ¢ > 0
and Lévy measure F. In order to avoid trivialities, we assume that ¢ + F(R) > 0.

Here, we shall deal with stochastic partial differential equations of the type

drt = (A”I’t —+ O{(T’t))dt + O'(T't_)dXt
(2.1)
ro = ho
on a separable Hilbert space (H, || - |,{-,-)). In (2.1), the operator A : D(A) C

H — H is the infinitesimal generator of a Cy-semigroup (S;):>o on H with adjoint
operator A* : D(A*) C H — H. Recall that the domains D(A) and D(A*) are
dense in H, see, e.g., [39, Satz VII.4.6, p. 351].
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Concerning the vector fields «,0 : H — H we impose the following condition.

2.1. Assumption. We assume that a,0 € CY(H) and that there is a constant
L > 0 such that

(2.2) |a(h1) — a(h2)|| < Lllh1 — hal|,
(2.3) |o(h1) — a(h2)|| < Ll — ha||
for all hy,hs € H.

The Lipschitz assumptions (2.2), (2.3) ensure that for each hy € H there exists
a unique weak solution for (2.1) with rg = hy.

2.2. Definition. A subset U C H is called invariant for (2.1) if for every h € U
we have

P(ry eU)=1 forallt>0
where (1);>0 denotes the weak solution for (2.1) with ro = h.

In what follows, let V' C H be a finite dimensional linear subspace and d :=
dim V.

2.3. Definition. A family (M)i>0 of affine subspaces M, C H, t > 0 is called a
foliation generated by V if there exists 1 € C*(R; H) such that

(2.4) My=yt)+V, t>0.
The map 1 is a parametrization of the foliation (My)i>0.

2.4. Remark. Note that the parametrization of a foliation (My)i>o generated by
V' is not unique. However, due to condition (2.4), for two parametrizations 11, s
we have

P1(t) —ha(t) €V forallt > 0.

In what follows, let (M,);>0 be a foliation generated by V. For every t > 0 the
set Ty 1 M,y consists of exactly one point. Therefore, the map

YRy — H, () :=7my My

is well-defined, and it is the unique parametrization of the foliation (M;)>0 such
that ¥ (t) € VL for all t > 0.

2.5. Definition. For each t > 0 we define the tangent space
TM; = (t)+ V.

By Remark 2.4, the definition of the tangent is independent of the choice of the
parametrization.

2.6. Definition. The foliation (My)i>0 of submanifolds is invariant for (2.1) if for
every to € Ry and h € My, we have

(25) P(Tt S Mto-i-t) =1 fO?" all t Z 0
where (1¢)1>0 denotes the weak solution for (2.1) with ro = h.

As we shall see now, an invariant foliation generated by V', provided it exists, is
unique.

2.7. Lemma. Let (M})i>0, i = 1,2 be two foliations generated by V with M N
M3 # 0, which are invariant for (2.1). Then we have M} = M3 for all t > 0.



4 STEFAN TAPPE
Proof. Choose hg € M{ N M3 and let (r);>0 be the weak solution for (2.1) with
ro = hg. Then we have
Tyi M} =Tyiry =Ty M2, >0
which completes the proof. O

2.8. Proposition. Suppose the foliation (My)i>o of submanifolds is invariant for
(2.1) and let £ € L(H;R?) be a continuous linear operator with £(V) = R%. Then,
for every tg € Ry and h € My, we have almost surely

(26) T = TrVLMto-i-t + 671(6(7}) — KWVthO-&-t)y t Z 0

where (r¢)i>0 denotes the weak solution for (2.1) with ro = h, and (2.6) is the
decomposition of (1;)¢>o according to V- @ V.

Proof. By condition (2.5) we obtain almost surely

(2.7) re =TyLire +myre = TyL Mg + vy, 2> 0.

Therefore we obtain almost surely

(2.8) Tyre =14 — Ty s Mg 1o = £ (U(ry) — €Ty Myy1t)), t>0.

Inserting (2.8) into (2.7), we arrive at (2.6). O

2.9. Remark. If the foliation (My)i>o is invariant for (2.1), then for every contin-
uous linear operator ¢ € L(H;R?) with £(V) = R? the decomposition (2.6) provides
a realization of the solution (ry)¢>0 by means of the finite dimensional process £(r).

We shall now approach our main result of this section, Theorem 2.11 below,
which provides consistency conditions for invariance of the foliation (M;);>o.

2.10. Lemma. There exist (1,...,(q € D(A*) and an isomorphism ¢ : R¢ -V
such that

(2.9) d((¢,h))=h forallheV,

where we use the notation (¢, h) = ({(C1,h),...,{Cq, b)) € RY.

Proof. By the Gram-Schmidt method, there exists an orthonormal basis {e1, ..., eq}
of V. Since D(A*) is dense in H, there exist (1, ..., (s € D(A*) with ||¢; —e;]| < 27¢
fori=1,...,d. Hence, we obtain

[{Goresd| < [eireg)| + (G —eirej) <27
forall 4,7 =1,...,d with i # j and
(Gired)l > (es, e0)| = [(Gi — eiyeq)] > 1—27¢
forall i =1,...,d. Thus, we have
d

S (Gren)| < (d=1)270 < (2 = 1270 =1 - 27 < |(Gi,e4)]

gt
foralli =1,...,d, and hence, due to the Theorem of Gerschgorin, the (dx d)-matrix
(Croer) -+ (Ci,ea)
B=| :
(Case1) - (Carea)
is invertible. Let 4 : V' — R? be the isomorphism

W(h) = ({er, h),... (e, h)), heV.
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Then, the isomorphism Bt : V — R? has the representation
By(h) = (<<l7h>>"'=<gd7h>)7 heV.
Defining the isomorphism ¢ := (By)~! : R — V completes the proof. d

Now, let ¢ € C1(R,; H) be a parametrization of (M;);>o and let ¢ : R — V
be an isomorphism as in Lemma 2.10. We define &, : Ry x R? — R? as

a(t, z) = (A"C () + 6(2)) + (¢, a((t) + ¢(2) — ' (1),
a(t,2) == (G o (¥(t) + 6(2)))-

By Assumption 2.1 we have &,5 € C%1(R, x R% R?) and there exists a constant
K > 0 such that

la(t, 21) — @t z)[re < Kll21 — 22|ra
16(,21) = (¢, 22)lre < K[21 — 2o|[e

for all t € Ry and all 21,2, € R% Thus, for each tg € R, and each zy € R? there
exists a unique strong solution for

(2.10) { dz, = a(to+t, Zy)dt + o (to +t, Z,—)dX,
ZO = Z20-
We define the vector field v : D(A) — H as
v(h) := Ah+a(h), heD(A).

Here is our main result concerning invariance of the foliation (M;);>¢ for the
Lévy driven SPDE (2.1).

2.11. Theorem. The foliation (My)i>o is an invariant foliation for (2.1) if and
only if for all t > 0 we have

(2.11) M, C D(4),
(2.12) l/(h) S T./\/lt, h e M;
(2.13) o(h) €V, he M,

If the previous conditions are satisfied, the map
(2.14) Ry — H, t~— Almys M)

is continuous, and for every to € Ry and h € My, the weak solution for (2.1) with
ro = h s also a strong solution.

Proof. 7=": Let ty € Ry and hy € V be arbitrary. Then we have h := (o) + ho €
My, Let (r)i>0 be the weak solution for (2.1) with ro = h and set zg := (C, ho).
Since (1,...,Cq € D(A*) and (M,);>0 is an invariant foliation for (2.1), we obtain,
by using (2.9),

(G — lto + 1) = (G, h — (to)) + / (A, m) + (G ars) — v (o + 5)))ds
+ /0 (¢, o(re- )X,
— (G ho) + / Glto + 5, (C, e — Dlto + 5)))ds
0

t
+/ 6—(t0+87 <C77’S, _w(t0+8)>)dXs
0
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This identity shows that almost surely
Zt:<C77”t—¢(t0+t)>7 tZO

where (Z;)¢>0 denotes the strong solution for (2.10) with Zy = z. By (2.9), we
have almost surely

¢(Zs) =re —P(to+1t), t>0.

Let & € D(A*) be arbitrary. We obtain, by Itd’s formula and applying the linear
functional (¢, -) afterwards,
(2.15)

(07— Blto + 1)) = (€, B(Z0)) = (€, ho — wlto)) + / (&, B(alto + 5. Z.)))ds
+ /O (665 (to + 5, 7o)X,

Since (1¢)¢>0 is a weak solution for (2.1) with ro = hg, we have
(2.16)

(&re = Y(to + 1)) = (€, ho = (to)) + / (A", rs) + (€ alrs) — ' (to + 5)))ds

0

¢
+ [Heatrax.
0
Combining (2.15) and (2.16) we get

0= / (A€, a) + (€ alrs) — W/t + 5) — Blalto + 5, Z4))))ds
(2.17) 0

+ / (& 0(res) — B (to + 5, Ze_)))d X,
0

Therefore, all integrands in (2.17) vanish and, since £ € D(A*) was arbitrary, setting
s =0 yields ¥(tg) + ho € D(A), proving (2.11) and the identities

(2.18) v(¥(to) + ho) = ' (to) + (a(to, 20)) € TMy,,
(2.19) a(Y(to) + ho) = ¢(G(to, 20)) €V

which show (2.12), (2.13). Furthermore, identity (2.18) proves the continuity of the
map defined in (2.14).

7<«<": Let to € Ry and h € M, be arbitrary. There exists a unique 2y € R¢ such
that h = ¥(to) + ¢(20). Let (Z;)i>0 be the strong solution for (2.10) with Zy = 2.
Itd’s formula yields, by using (2.11)—(2.13) and (2.9),

WUlto +) + ¢(Z:) = W(to) + $l=0) + /0 (Wt + 5) + o + 5.22)))ds
+ /thﬁ(&(to +5,2,))dX,

—ha /Ot(w’(to +5) + (¢, v(W(to + 8) + ¢(Zs)) — V' (to + 5))))ds
+/Ot (G o((to + 5) + ¢(Zs-))))d X

Ch / (AWt + 5) + G(Z0) + alilto + ) + 6(Z.)))ds

+/ta(¢(t0+8)+¢(zs))dXs’ t20.
0
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By the uniqueness of solutions for (2.1) we obtain almost surely
ry = 1/)(t0 + t) + ¢(Zt) € Mto-i-t? t>0

where (r;);>0 denotes the weak solution for (2.1) with 7o = h, whence (M,);>¢ is
an invariant foliation, and we get that (r.);>¢ is also a strong solution. O

2.12. Remark. Note that (2.11)-(2.13) are consistency conditions on the tangent
spaces (for related results see, e.g., [19]). Since the foliation (M;);>o consists of
affine manifolds, the jumps of the Lévy process X do not matter, and we do not
need a Stratonovich correction term for the drift.

Now, we express the consistency conditions from Theorem 2.11 by means of a
coordinate system. Let ¢ € C'(Ry; H) be a parametrization of (M;);>o and let
{A1,...,Aaq} be a basis of V.

2.13. Corollary. The following statements are equivalent:
(1) (My)e>0 is an invariant foliation for (2.1).

(2) We have
(2.20) $(Ry) C D(A),
(2.21) A,...,Ad € D(A)

and there ezist 1,y : Ry x R? — R such that
d d
(2.22) u(w) ns yx) — )+ St (hy) € Ry x R
i=1 i=1

d d
(223) 0’(’1/)(?5) + Z y1>\1> = Z’W(t, y)>\17 (t, y) S R+ X Rd.

If the previous conditions are satisfied, p and v are uniquely determined, we have
w,y € COL(Ry x REGRY), there exists a constant K > 0 such that

(2.24) it y1) — p(t, y2)llre < Klly1 — y2llra
(2.25) 7t y1) — vt y2) lre < Kllyr — yollra

for all t € Ry and y1,y2 € RY, and for every to € Ry and h € M, the weak
solution for (2.1) with ro = h is also a strong solution.

Proof. The asserted equivalence follows from Theorem 2.11. By the linear indepen-

dence of A1, ..., Ay, the mappings p and ~ are uniquely determined. Denoting by

7 :RY — V the isomorphism 7(y) := Z‘Zzl Yi\i, we can express them as

) =7 (w00 + ;w) -v).
Y(t,y) =71 (0 (w(t) + iyA))

Since the map defined in (2.14) is continuous by Theorem 2.11, we have u,y €
COM (R, x R4 RY) and (2.24), (2.25) by virtue of Assumption 2.1. O

Suppose the foliation (M;);>¢ is invariant for (2.1). We shall now identify the
underlying coordinate process Y. Let to € Ry and h € M,;, be arbitrary. There
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exists a unique y € RY such that h = (o) + Z?Zl y;A;. Taking into account (2.24),
(2.25), we let (Y;);>0 be the strong solution for

(2.26) { dYy = plto+t,Ye)dt +(to + 1, Y- )dX;

}/E) = Y

where p1,v : Ry x R? — R? are given by (2.22), (2.23). By Itd’s formula, the process

d
(2.27) re=to+t)+ Y YiXi, t>0
=1

is the strong solution for (2.1) with rg = h.

2.14. Remark. If we think of interest rate models, the state process Y has no
direct economic interpretation. Proposition 2.8 shows that for any continuous linear
operator £ : H — R with {(V) = R? we can choose £(r) as state process. We may
think of €;(h) = x% o h(n)dn (benchmark yields) or €;(h) = h(xz;) (benchmark
forward rates). We refer to [7, Sec. 7], [5, Prop. 5.1], [8, Thm. 3.3], [11, Prop. 2],
[12, Sec. 5] for related results.

3. AFFINE REALIZATIONS FOR STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
DRIVEN BY LEVY PROCESSES

The results of the previous section lead to the following definition of an affine
realization.

3.1. Definition. Let V C H be a finite dimensional linear subspace. The SPDE
(2.1) has an affine realization generated by V' if for each hy € D(A) there exists a
foliation (M"),>o generated by V with hg € Mp°, which is invariant for (2.1).

We call d := dim V the dimension of the affine realization.

3.2. Lemma. Let d € N and A1,..., g € H be linearly independent. Suppose the
SPDE (2.1) has a d-dimensional affine realization generated by V.= (A1,...,Aa).
Then, there exist ®1,...,®4 € C1(H;R) such that

(3.1) o(h) =Y ®i(h)\;, heH.

Proof. Relation (2.13) from Theorem 2.11 yields o(h) € V for all h € D(A). Since
D(A) is dense in H and V is closed, we obtain o(h) € V for all h € H. Hence, there
exist ®1,...,®, : H — R such that (3.1) is satisfied. Since o € C*(H), we have
®,,..., 0, € CL(H;R). 0

Suppose the SPDE (2.1) has an affine realization generated by a finite dimen-
sional subspace V' C H. Then, for each hy € D(A) the foliation (MP);> is uniquely
determined by Lemma 2.7. We define the singular set ¥ as

¥ = {ho € D(A) : Mpo = M for all t > 0}
= {ho € D(A) : hg + V is an invariant manifold}.

A consequence of this definition is the identity
(3.2) Y+V=3x

In particular, ¥ is an invariant set for (2.1).
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3.3. Proposition. Suppose the SPDE (2.1) has an affine realization generated by
V. Then, the singular set 3 is given by
(3.3) Y ={ho € D(A):v(hy) €V},
for each hg € D(A) the weak solution (r;);>¢0 for (2.1) with ro = hg is also a strong
solution, and we have
(3.4) P(r,¢X)=1, te]0,ty)
(3.5) P(r,eX) =1, tE€ [to,)
where we have set
to :=inf{t > 0: M c B} € [0,00].

Proof. Let hg € D(A) be arbitrary. By condition (2.12) of Theorem 2.11 we have
v(ho) € V if and only if v(h) € V for all h € hg + V, which means that hg + V is
an invariant manifold, proving (3.3). By Theorem 2.11, the weak solution (r;)¢>0
for (2.1) with 7o = hg is also a strong solution, and, by taking into account (3.2),
we obtain (3.4) and (3.5). O

3.4. Remark. Note that the time to is deterministic. By (3.2), for any parametriza-
tion 1 of the foliation (M?O)tzo it 1is given by

to =inf{t > 0:9(t) € &}.
We observe the following dichotomic behaviour of the solutions for (2.1). Up to
time tg, the solution proceeds outside the singular ¥, afterwards it stays in %, and

therefore even on an affine manifold. In particular, if to = 0 we have P(ry € ¥) =1
for allt >0, and if tg = oo we have P(ry ¢ ) =1 for all t > 0.

For our later investigations on the existence of affine realizations, quasi-exponential
functions (cf. [8, Sec. 5]), which we shall now introduce in this general context, will
play an important role. Inductively, we define the domains

D(A™) :={h e DA™ 1) : A" The D)}, n>2
as well as the intersection
D(A®) := (] D(AM).
neN

3.5. Definition. An element h € D(A™) is called quasi-exponential if
(3.6) dim(A™h : n € Ny) < oo.
3.6. Lemma. Let h € H, h # 0 be arbitrary. The following statements are equiva-
lent.

(1) h is quasi-exponential.

(2) We have h € D(A®) and there exists d € N such that {h, Ah, ..., AT 1h}

is a basis of (A"h : n € Np).
(3) There exists a finite dimensional subspace V.C D(A) with h € V' such that

(3.7) Av eV forallveV.
Proof. (1) = (2): Since h # 0 is quasi-exponential, there exists a minimal integer

d € N such that h, Ah, ..., A 'h are linearly independent. By induction, we show
that

A"h € (h,Ah,..., A% h) for all n >d,
whence {h, Ah, ..., A% 'h} is a basis of (A"h : n € Ny).

(2) = (3): The finite dimensional subspace V = (h, Ah,..., A?"1h) has the
desired properties.
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(3) = (1): Using (3.7), by induction, for each n € N we have h € D(A™) and
A™h € V, which yields h € D(A*) and (3.6), whence h is quasi-exponential. [

4. THE SPACE OF FORWARD CURVES

In this section, we define the space of forward curves, on which we will study
the HIMM equation (1.2) in the forthcoming sections. These spaces have been
introduced in [20, Sec. 5].

We fix an arbitrary constant 8 > 0. Let Hz be the space of all absolutely
continuous functions h : Ry — R such that

(11) Iolls = (o) + [ + W@)Petdn) < o,

Let (Si)1>0 be the shift semigroup on Hg defined by Sih := h(t+ -) for t € Ry.
Since forward curves should flatten for large time to maturity z, the choice of
Hp is reasonable from an economic point of view.

4.1. Theorem. Let 3 > 0 be arbitrary.

(1) The space (Hg, || - ||g) is a separable Hilbert space.

(2) For each x € Ry, the point evaluation h — h(z) : Hg — R is a continuous
linear functional.

(3) (Si)izo is a Co-semigroup on Hg with infinitesimal generator - : D(L) C
Hpg — Hg, Lh =1/, and domain

d
DIl — | = Hgs: k' € Hg).
(dm) {hE 8 h' e 5}

(4) Each h € Hg is continuous, bounded and the limit h(co) = lim,_ o h(z)
exists.

(5) HY:={h € Hp : h(c0) = 0} is a closed subspace of Hyg.

(6) There exists a universal constant C > 0, only depending on 3, such that
for all h € Hg we have the estimate

(4.2) [1Pll e ) < ClRlls,
(7) For each ' > (3, we have Hg C Hg and the relation
(4.3) IRllg < |[hllg,  h € Hg.

Proof. Note that Hg is the space H, from [20, Sec. 5.1] with weight function
w(z) = €%, x € R,. Hence, the first six statements follow from [20, Thm. 5.1.1,
Cor. 5.1.1]. For each 3’ > f3, the observation

/ |h'(x)|2eﬁ%zxg/ W (z)[>e” *dx, he Hg

shows Hg C Hg and (4.3). O

4.2. Lemma. The following statements are valid.

(1) For all h,g € Hz we have hg € Hg and the multiplication map m : Hg X
Hg — Hg defined as m(h,g) := hg is a continuous, bilinear operator.
(2) For all h,g € D(%) we have hg € D(%).



AFFINE REALIZATIONS FOR LEVY TERM STRUCTURE MODELS 11

Proof. The function hg is absolutely continuous, because h and g are absolutely
continuous and bounded, see Theorem 4.1. By estimate (4.2) we obtain

kgl = |1(0)*]g(0)]> +/R |h(2)g (x) + g(x)h' ()P da

<l ey 2 sy + 21 i / ¢ (@) PP de

+

+ 22y / W ()P da

+

< CnlZNgllE +2C%RI1Zlgl1E + 202 1glIF A1 < oo
Hence, we have hg € Hg and the estimate

Im(h, g)llg < vV C* +4C?||hlisllglls,
proving that m is a continuous, bilinear operator.
If h,g € D(L), we have hg € C*(R) with (hg)’ = h'g+hg’, whence hg € D(-L)
by the first statement. O

For A € Hg we define A :=T7\ := f(; A(n)dn, which belongs to C(R;.), the space
of all continuous functions from R to R.

4.3. Lemma. Let A € Hg with A # 0 be arbitrary. Then, the families {A” : n € No}
and {\A"™ :n € No} are linearly independent in C(R..).

Proof. Let n € N be arbitrary. Since A # 0, there exist x1,...,z, € R4 such that
M) #0,i=1,...,n and A(z1),...,A(z,) are pairwise different. Therefore, the
Vandermonde matrix

1 A(l‘l) A2($1) An_l(l'l)

1 A(Jfg) A2 (IQ) ce An_l(l'g)

1 A(zy) A%(zn) -+ A" (z,)
is invertible, and hence the families {A™ : n € Ng} and {AA" : n € Ny} are lincarly
independent in C(Ry). O

4.4. Lemma. Let 0 < 8 < 8’ be arbitrary real numbers. For each \ € Hg, we have
A € Hg and the map T : Hg, — Hpg is a continuous linear operator.

Proof. Let A € Hg, be arbitrary. Then Z\ is absolutely continuous. Since ZA(0) = 0,
using Hdlder’s inequality, we obtain

o 2
IZA1% :/ Mz)2ePr da :/ (/ X(y)eéﬁ/ye_éﬁlydy> Pt da
Ry Ry T

§/ (/ X(y)Qeﬂ/ydy> </ e_B/ydy> e’ dx
Ry T T

1 o, 1
Sl [, 5 =
+

proving the assertion. O

1M

5. PRESENTATION OF THE TERM STRUCTURE MODEL

We shall now introduce the Lévy term structure model by using the space of
forward curves from the previous section.

Recall that ¢ > 0 denotes the Gaussian part and F' the Lévy measure of the
Lévy process X.
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5.1. Assumption. We assume there exist constants N,e > 0 such that
/ e**F(dr) < 0o, ze€[-(1+€¢)N,(1+¢)N].
{lzI>1}

Then, the cumulant generating function
U(z) := InE[e*¥1]

exists on [N, N] and is of class C™, see [37, Lemma 26.4]. In particular, there

exists a constant K > 0 such that for all k =1,...,e we have
(5.1) \\Ill(cn)(x)|§K, x €[-N,N]and n=0,...,4.

We can write the cumulant generating function as

2

where b € R denotes the drift of X. Differentiating and evaluating at zero, we see
that

U(z) =bz+ 2y /(ech —1—zx)F(dx), z¢€[-N,N]
R

(5.2) W(0) = ¢ + /R 22F(da),
(5.3) T (0) = / 2" F(dx) formn > 3.
R

Let 0 < 8 < /' be arbitrary real numbers and let a volatility structure o : Hg — Hg
be given. We define the open set O C Hp as

O:={heHg:|hls <&},
By estimate (4.2) we have O C U, where U C Hg denotes the subset
U:={h e Hp:|hllL=m,) <N}
5.2. Assumption. We assume that o € C'(Hg) with o(Hg) C Hg/, —Zo(Hg) C O,
and that there exist L, M > 0 such that
HO’(hl) - U(hg)”g < Lth — thﬁ fO’I‘ all hy, ho € Hg,
lo(h)|lg < M  for all h € Hg.
According to the HIM drift condition (1.3) we define
(5.4)
d L] L]
agym(h) = dacq/< —/ a(h)(n)dn) = —a(h)l”( —/ a(h)(n)dn), h e Hg.
0 0

By (21, Prop. 4.5] we have auym(Hp) C Hj and there exists a constant L > 0 such
that

(55) ||OéHJM(h1) — aHJM(hQ)Hg S [~z||h1 — thﬁ for all hl,hz S Hﬁ.

Hence, for each hy € Ha there exists a unique weak solution for (1.2) with ro = ho.
Note that (1.2) is a particular example of the stochastic partial differential equation
(2.1) with A = 4L and o = amyu.

In order to show smoothness of the drift term agyjn, we provide the following

auxiliary result.

5.3. Lemma. For each h € U we have V'(h) € Hg and the map ¥’ : O — Hg is
Fréchet differentiable with derivative

DV'(h) ev =U"(h)v.
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Proof. The map ¥’(h) is again absolutely continuous because of (5.1). Moreover,
by (5.1), we have

12 (R[5 = [ (R(0))[? +/ 0" (h(2)H (x)|*e”* dx

R
< |W'(R(0)? + K2|[A]f < oo,

whence ¥'(h) € Hg. Let By, := {h € Hg : ||h||3 < 1} be the closed unit ball. For
€ # 0 small enough we obtain, by (5.1) and (4.2),

‘\IJ’(h(O) + ev(0)) — U'(h(0))

- \If”<h<o>>v<o>\
= ‘ /01 (q/’(h(O) + sev(0))v(0) — \I’"(h(O))v(O))ds

1
< / | Ksev(0)?|ds < K|[v]|7 g, le] < KC?[[vl[3]el-
0

Thus, the latter term converges to zero for € — 0, uniformly in v € Bp,. For € # 0
small enough we have, by Holder’s inequality,

/ a (‘I"(h(w) + ev(x)) — V'(h(z))
Ry

2
Pt dx

0 (a))o(a))

dx €
(5.6) =/R+ % (/01 (\I!'/(h(x)+sev(:r))v(x)—\Il”(h(x))v(x)>d5) 26,Bmdx
< /R+ /01 C;ﬂ;((\lﬂl(h(w) + sev(z)) — W"(h(a:)))y(@) Qeﬁmdsdx

< 2A5 4 2A5,

where we have set
AS = /R / (07 (h(@) + sev(@) (0 (@) + sev' (@) = 9" (h(@) ' () ) o)
x e dsdx,

AS = A+/ ‘ \I/" x) + sev(w ))—W"(h(x)))v’(x)‘2eﬁxd8da:.

‘ 2

By (5.1) and (4.2) we get
Af < 2/R+/ \I!'” ) + sev(x)) — \I/”’(h(x)))h’(as)v(a:)‘ Pt dsdx

+2/ / | U (h(x) + sev(x ))sev’(m)v(x)’Qemdsdx
Ry

< 2/ / | K sev(z)h (z)|%e ﬂxdsdm—i—?/ / |Ksev' (z)v(x) 2’ dsdx
R4

< 2K%e 204||UH,3Hh||B + 2K C?||vl|

as well as
1
Aj < / / |K sev(z)v (z)2e? dsdz < K22CP||v||3.
R, Jo

Hence, the integral in (5.6) converges to zero for € — 0 uniformly in v € By,. O
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We can express the HIM drift term defined in (1.3) as
aggm = m(—o, ¥V'(~Zo)).

Combining Lemmas 4.2, 4.4, 5.3 yields agjm € C*(Hg), whence all required con-
ditions from Assumption 2.1 are fulfilled.

6. AFFINE REALIZATIONS FOR LEVY TERM STRUCTURE MODELS

We are now ready to present a general result regarding affine realizations for Lévy
term structure models, which will be the basis for our subsequent investigations.

In this section, we assume that the volatility o in the HIMM equation (1.2) is
of the form

d
(6.1) o(h) =Y ®i(h)Xi, he€ Hpy
i=1
where d € N denotes a positive integer, ®;,...,®4 : Hg — R are functionals and

A,...,\g € Hg, are linearly independent. We assume that ®; € C'(Hg;R) for
i=1,...,d, the inclusion —Zo(Hg) C O, and that there exist L, M > 0 such that
foralli=1,...,d we have

|‘I)Z'(h1) — q)z(hg)‘ < L||h1 — hz”ﬁ for all hl, ho € Hg,
|®;(h)] < M forall h € Hg.

Then, Assumption 5.2 is fulfilled.

Note that, in view of Lemma 3.2, this is the most general volatility, which we can
have for the HIMM equation (1.2) with an affine realization. The corresponding
HJIM drift term (5.4) is given by

d
(6.2) o (h) = C;ixp< -3 <I>i(h)Ai>, h € Hg.

6.1. Proposition. Suppose that for alli,j=1,...,d we have
(63) D(I)z(h))\] =0, he Hg.

Then, the HIMM equation (1.2) has an affine realization generated by (A1, ..., Aq)
if and only if we have

d
6.4 Ay s A D —
( ) 1 s Ad € (d.’I])7
(6.5) e ), i=1,....d
. —— A ) , 1= 1,...,4.
dr 1 d

Proof. Suppose the HIMM equation (1.2) has an affine realization generated by
(A1,...,Aq) and let hg € D(4L) be arbitrary. Applying Corollary 2.13 to the invari-

ant foliation (M/°);>0, we have (6.4), and there exist b)) € Hg and p,v € C*(R%)
such that

d d
(6.6) u(ho +Y yi/\i) =ho+ > piy)hi, yeR?
i=1 1=1

d d
(6.7) U(ho +y ym) => viri, yeR
=1 =1
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By (6.1), (6.3) and (6.7) we have v = p for some p € R?. Taking into account the
HJM drift condition (6.2), inserting (6.7) into (6.6) yields

d d d
d d d
—h i— i+ —U( — ;) = hf ()N R<.
- o+;ydx + o < ;p ) w;u(y) T

Differentiating with respect to y; for i = 1,...,d provides (6.5).
Conversely, suppose conditions (6.4), (6.5) are fulfilled. Then we have (2.21) and
there exist (a;;); j=1,....a C R such that

d
d
(6.8) TN = > iy, i=1,....d
j=1

Let hg € D(%) be arbitrary. Since we have apyy € C'(Hg) and amgy is Lipschitz
continuous by (5.5), there exists, according to [34, Thm. 6.1.2, Thm. 6.1.5], a unique
solution 1 € C'(Ry; Hg) with ¢)(R.) C D(4L) of the deterministic evolution equa-
tion

(6.9) {Wf) = A(0) + ann($(1)

¥(0) = ho.
Then, we in particular have (2.20). Define p,y € C%1 (R4 x R4 RY) as

d
j=1
(6.11) Yilt,y) == (), i=1,....d.

Due to (6.1) and (6.3), condition (2.23) is satisfied. Using (6.9), (6.3) and (6.8), for
all (¢,y) € Ry x R? we get

d d d d
v p(t) + iNi ) = —— V() + iAi |+ o | Y() + i\
d
= 0/(0) = car () + D i+ e (0(1)
i=1

a , d d
='(t) + Z (Z ajiyj) i = (t) + Z it y) i,
i=1 \j=1 i=1

showing (2.22). By Corollary 2.13, the foliation (M)~ generated by (A1, ..., Ag)
with parametrization 1 is invariant for the HIMM equation (1.2). O

6.2. Remark. Note that the proof of Proposition 6.1 simultaneously provides the
construction of the affine realization. For hg € D(-L) the invariant foliation (MP9)50
generated by (A1,...,Aq) has the parametrization ¥, which is the solution of the
deterministic evolution equation (6.9) with 1(0) = hg. For h € MZ)O with some
to € Ry the strong solution (ri)¢>o for (1.2) with ro = h is given by (2.27), where
the maps p,7y : Ry x R4 — R? for the state process (2.26) are defined in (6.10),
(6.11).

6.3. Remark. Condition (6.3) looks rather ad-hoc, but as we will see in Theo-
rem 8.1 below, we cannot expect more general volatility structures for Lévy term
structure models with an affine realization.
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7. CONSTANT VOLATILITY

We shall now study the existence of affine realizations for Lévy term structure
models in the particular case where the volatility o in the HIMM equation (1.2) is
constant, i.e., we have

(7.1) oc=A

with \ € H2,7 A # 0 and —A € O. Then, Assumption 5.2 is fulfilled and the HIM
drift term (5.4) is given by

7.1. Proposition. The HIMM equation (1.2) has an affine realization if and only
if X is quasi-exponential.

Proof. Suppose the HIMM equation (1.2) has an affine realization generated by
a finite dimensional subspace V' C Hg. Set d := dim V. Condition (2.13) from
Theorem 2.11 and (7.1) yield that A € V. Set A; := A and choose Ag,...,A\g € V
such that {A1,..., A\g} is a basis of V. Since (6.3) is satisfied due to (7.1), Proposition
6.1 and Lemma 3.6 imply that X is quasi-exponential.

Conversely, suppose A is quasi-exponential. By Lemma 3.6 there exists d € N
such that {\, L\, ..., (-£)9=1\} is a basis of ((:£)°A : i € Np). Then, the functions

d 1—1
(7.3) \i 1= (dx> N i=1,....d

fulfill conditions (6.4), (6.5), and condition (6.3) is satisfied by (7.1). According to
Proposition 6.1, the HIMM equation (1.2) has an affine realization generated by
A1y Aa)- O

7.2. Remark. For hy € D(:L) the invariant foliation (MDY, is generated by
(A1,..., Aq) with generating functions defined in (7.3). The parametrization 1,
which is the solution of the deterministic evolution equation (6.9), is given by the
variation of constants formula

dx
= Sthg — U (=A) + S, U (—A) = =V (=A) + Si(ho + ¥(=A)), t>0.

t t
d
¥(t) = Stho + / Si—samgmds = Stho + / —W(—A(e+t—s))ds
(7.4) 0 0

Combining Proposition 3.3 and relations (7.2), (7.4), the singular set 3 is given by
the (d + 1)-dimensional affine space

Y=—-U(-A)+(1,A,...,Ag),
and for each ho € D(-L) we have (3.4), (3.5), where
to:=inf{t > 0: Si(ho+ V(=A)) € (1,A1,...,Ag)} € [0, 00]
and where (1)1>0 denotes the strong solution for (1.2) with ro = hy.

7.3. Remark. Proposition 7.1 shows that for deterministic volatility structures, we
obtain the same condition for the existence of an affine realization as in the classical
diffusion case, where the HIMM equation (1.2) is driven by a Brownian motion,
namely that X has to be quasi-exponential, see [8, Sec. 5] and [7, Sec. 4].
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8. CONSTANT DIRECTION VOLATILITY

In this section, we study the existence of affine realizations for Lévy term struc-
ture models with constant direction volatility, that is, we assume that the volatility
o in the HIMM equation (1.2) is of the form

(8.1) o(h) = B(R)A, he Hy

where ® : Hg — R is a functional and A € HY with A # 0. We assume that
® € C'(Hg;R), —Zo(Hp) C O and that there exist L, M > 0 such that

|@(h1) — (I)(hg)| < Lth — hg”g for all hl,hg S Hg,
|®(h)| <M forall h € Hg.

Then, Assumption 5.2 is fulfilled. Recall that F' denotes the Lévy measure of the
driving Lévy process X in (1.2).

8.1. Theorem. Suppose F(R) # 0 and ® # 0. Then, the HIMM equation (1.2)
has an affine realization if and only if A is quasi-exponential and we have

(8.2) D®(h) (CZ)ZA =0, ieN

forall h € Hg.

Proof. Assume ) is quasi exponential and we have (8.2). By Lemma 3.6 there exists

d € N such that {\, <L) ..., (-£)9=1)\} is a basis of (<L) : i € Np). Then, the

functions \; := (dx)’ 1)\ i=1,...,d fulfill conditions (6 4), (6.5). Moreover, con-
dition (6.3) is satisfied by (8.2). According to Proposition 6.1, the HIMM equation
(1.2) has an affine realization generated by (A1,..., Ag).

Conversely, suppose the HIMM equation (1.2) has an affine realization generated
by a finite dimensional subspace V' C Hg. Set d := dimV. Since ® # 0 and
D(L) is dense in Hg, condition (2.13) from Theorem 2.11 and (8.1) yield that
A € V. Set A\ := X and choose Ag,..., Ay € V such that {\;,..., A4} is a basis
of V. Now let hg € D(%) be arbitrary. We apply Corollary 2.13 to the invariant
foliation (M/°),50, implying (6.4) and the existence of hfy € Hg and p € C1(R™),
v € CH(R™;R) such that

d d
(8.3) u(ho + Zyl‘)\i) =hi+ Z/M(Z/))\h y € R
(84) (ho + Zyz z) - ’7 7 Yy € Rd'

Taking into account the HJM drift condition (5.4), inserting (8.4) into (8.3) gives
us

d d
d d d o J
oo+ ;:1 Yig oA fdx\lf(—v(y)f\) =hy+ Eﬁ wi(y)Xi, y e R

Differentiating with respect to y; we obtain

%Ak—%(a,ﬁ( AW (— ) Zawl Ny k=1,....d

for all y € R%. Integrating yields

(8:5) A — (0 Z Ot (YA — Oy (YA (—(y)A) =0, k=1,....d
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for all y € R%. Using Lemma 4.3 there exists an even integer m > 2 such that the
sum

(8.6) (Ay, ... Ag, A% . A @ (A i > m)
is direct. By Taylor’s Theorem there exists £ : R — R such that
m—+2
v (0) v ((y))
e — _ A n—1 _ A m—+2 .
(= (y)A) ;(nfl)!( WA = (WA, yeR

Inserting this identity into (8.5) we get
(8.7)

Ak — Ak (0 Z Oty

for all k = 1,...,d and y € R? We claim that v is constant. Suppose, on the
contrary, that v is not constant. Then, there exist y,z € R? with y # 2z and an
index k € {1,...,d} such that

Y(y) #~(2) and y(y) # —(2),
(8.8) 7(y) # 0 and v(2) # 0,
Oky(y) # 0 and 9y(z) # 0.

From identity (8.7) we obtain the equation
(8.9)

Mg

<3kl~tz — Okpti (y)> A;
|\

+: (n)
" Z _(10)) (am (A" = B () ()" ) A"
(m+3) (m+3)
(s a2 - T o ) (e e
in C(R4). Since we have F(R) # 0 by assumption and m > 2 is even, relations

(5.2), ( ) give us
T 0) >0 and WM (0) > 0.
Since the sum (8.6) is direct, Lemma 4.3 and the identity (8.9) yield
<7(2)>m _ ) _ (v(2)>m+2
(y) hy(z)  \(y) ’
which, in view of (8.8), is a contradiction. Consequently, 7 is constant. Since hg €

D(-L) was arbitrary, relations (8.1) and (8.4) show that
(8.10) DO(h)A; =0, i=1,....d

for all h € D(-L). Since D(-%) is dense in Hg and ® € C*(Hg; R), we deduce (8.10)
forall h € Hg. Now Proposmon 6.1 and Lemma 3.6 yield that X is quasi-exponential
as well as (8.2). O

8.2. Remark. For constant direction volatilities, Theorem 8.1 reveals a discrepancy
between Wiener and Lévy driven term structure models concerning the existence of
affine realizations.
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e In the Wiener case, A has to be quasi-exponential, but ® is allowed to be
an arbitrary functional, see [8, Sec. 6] and [7, Sec. 5]. In the present Lévy
case, we get the additional restriction (8.2) on ®, which means that at each
forward curve h € Hg the functional ® is constant in direction of the linear
space V', which generates the affine realization. However, if ® is arbitrary,
there exists, at least, an affine realization in an approxrimative sense, see
Section 9 below.

e In the diffusion case, there are also degenerate examples, like the Cox-
Ingersoll-Ross model, which can occur when D?*®2%(h)(\,\) = 0, see, e.g.,
[7, Sec. 5.2]. Then, X is not quasi-ezponential, but satisfies a certain Ricatti
equation with an additional quadratic term. Such examples cannot arise for
Lévy term structure models, see also the forthcoming Section 10 concerning
short rate realizations.

Often, one considers volatility structures of the form (8.1) with
(8.11) d=pol,

where ¢ € L(Hpg;RP) is a linear operator acting on the forward curve and ¢ : R? — R
for some p € N. We may think of ¢;(h) = mi o h(n)dn (benchmark yields) or
¢;(h) = h(x;) (benchmark forward rates).

We assume that ¢ € C1(RP;R) and that there exist L, M > 0 such that

lo(y1) — e(y2)| < Llly1 — y2llre  for all y1,y2 € RP,
lo(y)] < M for all y € RP.

Then, Assumption 5.2 is fulfilled.
8.3. Corollary. Suppose F(R) # 0, ¢ #0 and that

(8.12) <£<ddx>ix i N0> = RP.

Then, the HIMM equation (1.2) has an affine realization if and only if \ is quasi-
exponential and ® = p for some constant p # 0.

Proof. Assume A is quasi-exponential and ® is constant on Hg. Then condition (8.2)
is satisfied, and the HIMM equation (1.2) has an affine realization by Theorem 8.1.

Conversely, suppose the HIMM equation (1.2) has an affine realization. By The-
orem 8.1, A is quasi-exponential and we have (8.2). Let y € R? be arbitrary. By
(8.12) there exists h € Hg with ¢(h) = y. For all i € Ny we obtain, by using (8.2),

Dot ) 3= Dt 0 () 3 - Do (£ r -0

In view of (8.12), we deduce that ¢ is constant on R?, which completes the proof. O

9. APPROXIMATIVE REALIZATIONS FOR CONSTANT DIRECTION VOLATILITY

We have seen in the previous section that for Lévy term structure models with
constant direction volatility (8.1) and an arbitrary functional ®, an affine realization
does, in general, not exist.

In this section, we will show that in this situation, with A being quasi-exponential,
there at least exists an affine realization in an approximative sense. The proof
of Theorem 8.1 relies on the observation that the derivatives W((0), n € N of
the cumulant generating function never vanish. Since W is analytic, our idea is to
approximate it by its Taylor polynomials.
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Let o be of the form (8.1) such that all assumptions from the beginning of Section
8 are fulfilled. Furthermore, let p : R — R be a polynomial. We define

ap(h) = ot~ [“otnan). ne
Following the argumentation of Section 5, we verify that also the SPDE
{ d’l’t = Ckp('f‘t)dt + O'(T’tf)dXt

9.1
(9.1) o =
satisfies Assumption 2.1, ensuring existence and uniqueness of weak solutions.

9.1. Proposition. Suppose \ is quasi-exponential. Then, for every polynomial p
the SPDE (9.1) has an affine realization.

Proof. By induction we show that for each n € Ny there exists a finite dimensional
subspace V,, C D(-£) with Vi, C U, Hj, . and

(9.2) MPcV, foralli=0,...,n
d
(9.3) TV € V, forallveV,.

Since StHg, C HY, for all t > 0, for n = 0 this follows from Lemma 3.6.

For the induction step n — n + 1 let d,, := dimV,,. By (9.2) and Lemma 4.3,
there exists a basis {\1,..., g, } of V,, with \; = AL fori=1,...,n+ 1. We
define

Vn+1 = Vn+ <)\1A] Zi,j == 177dn>

By Lemmas 4.2, 4.4 we have V11 C D(%) and V11 C U, Hg+5 as well as AA? €

Vag1 forall i =0,...,n+ 1. Set dyyq := dim V,, 1 and choose A\g,41,...,Aa,, €
Vg1 such that {Ay,..., Ag, .} is a basis of V;, ;1. Relation (9.3) implies
d
9.4 L Ne A, Ay, i=1,....d,.
(9.4 DA (LA A,
By (9.4) and (9.3) we have

d d d .
%(Aﬂ\j) = Ai@/\j +Aj%)\i € Va1, ,j=1,...,d,

whence we have %v € Vyyq for all v € V4.
Now let n := degp be the degree of the polynomial

p(x) = chxk, reR
k=0

and let V,, C D(-) be a finite dimensional subspace such that (9.2) and (9.3) are
fulfilled. Set d := dim V},. By (9.2) and Lemma 4.3 there exists a basis {A1,..., A\¢}
of V,, with

(9.5) XN =AM fori=1,... . n+1.

Moreover, condition (2.21) is satisfied. Let hy € D(4) be arbitrary. We define
Y € CY(Ry; Hg) and v € COL(R; x R% RY) as

w(t) = Sth/Oa

) o), =1
Vit y) = {o(w(t)+zj_ly] & 2:2 cyd
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Then we have (2.20), (2.23) and 1) is the solution of the abstract Cauchy problem
V() = &)
¥(0) = ho
By (9.3) there exist (a;;)i j=1,...a C R such that

(9.6)

d
d
(9.7) %/\i:Zaij)\j, i=1,...,d.
j=1

Furthermore, we define u € C%'(R; x R% R%) as

i i d .
ﬂ'(t y) — (_1) Ci—l'Yl(t,y) + Zj:l ajilYj, 1= 1,...,n+1
7 E?:1ajiyja i=n+2,...,d

Then, by incorporating (9.6), (9.7) and (9.5) for all (¢t,y) € Ry x R? we get
d d
u(w) ¥ Zym) ~ Lyt Zyz ity (o) + Zym)
—|—Z (Zaﬂyj))\ —y(t,y /\ch —1(t,y)) A
=1 =1
d n . . .
Z(Zahyg) £ ) et AN
i=1 = =0
d
showing (2.22). By Corollary 2.13, the foliation (M??),5q generated by (A1, ..., Aq)

with parametrization 1 is invariant for (9.1). O

9.2. Theorem. Suppose A is quasi-exponential. Then, for every n € N there exists
an SPDE

drl* = a,(r)dt+ o(r] )dX
0 { ‘ (i)t +o(rf )Xy
7"67' ho
with an affine realization, such that for all hg € Hg and T € Ry we have
(9.9) E[ sup |7 —rf%] — 0 forn — oo,
t€[0,T]

where (r¢);>0 denotes the weak solution for the HIMM equation (1.2) with ro = ho,
and (r})¢>0 denotes, for every n € N, the weak solution for (9.8) with vy = hy.

Proof. Since ¥ is analytic, there exists a sequence (¥,,),en of polynomials such
that \Ilgf) — U yniformly on [~N, N] for i = 0,...,3. We define

anlh)i= oW, = ["oiwan). e,

Since A is quasi-exponential, for each n € N the SPDE (9.8) has an affine realization

by Proposition 9.1. Because of the uniform convergence, there exists a constant
K > 0 such that

(9.10) sup  [¥0(z)| <K, neNandi=0,...,3.
z€[—N,N]
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Therefore, arguing as in the proof of [21, Prop. 4.5], there exists a joint constant
K > 0 such that

o (h1) — an(h2)llp < Kl|hy — hallg, hi,ho € Hg

for each n € N. Let hy € Hg be arbitrary and denote by (r;);>0 the solution for (1.2)
with g = hg. By Assumption 5.2 and Lemma 4.2 there exist constants My, Ms > 0
such that

lo(h)llg < My, heHg
[hihalls < Mal||hal|gllhallg,  R1,he € Hp.

Hence, for every t € R, we have

{/ la(rs) — ré)||ﬁd3}

(9.11)
< MIMZE [/ [0/ (=@ (rs)A) — ), (=D(rs)A)||Zds| — 0 for n — .

by the uniform convergence ¥/, — ¥’ on [N, N]. By (9.10) and (9.11), [22, Prop.
5.5] applies and yields the desired convergence (9.9). O

10. SHORT RATE REALIZATIONS

Our previous results have further consequences concerning the existence of short
rate realizations for Lévy term structure models, which we shall present in this
section.

Let o be a general volatility structure satisfying Assumption 5.2.

10.1. Corollary. Suppose F(R) # 0 and o # 0. Then, the HIMM equation (1.2)
has a one-dimensional affine realization if and only if there exist ® € C'(Hpg;R)

and ¢ € (%, 00) U {0} such that

(10.1) o(h)=®(h)e™**, heHg

(10.2) D®(h)e “* =0, he€ Hg.

Proof. If we have (10.1) and (10.2), then the HIMM equation (1.2) has, by Proposi-

tion 6.1, an affine realization generated by the one-dimensional linear space {(e~°*).
Conversely, suppose the HIMM equation (1.2) has a one-dimensional affine real-

ization. Then, there exists A € Hg with A # 0 such that the one-dimensional linear

space (\) generates the affine realization. By Corollary 2.13 we have \ € D(%),
and by Lemma 3.2 there exists ® € C'(Hg;R) such that

o(h) = ®(h)A, he Hg.

Since o # 0, we have ® # 0 and, taking into account the assumption o(Hg) C Hg,,
the relation A € HY,. Hence, Theorem 8.1 applies and gives us

DO(h)A=0, he Hp.

Now Proposition 6.1 applies and yields, by taking mto account the definition of the
norm (4.1), conditions (10.1), (10.2) for some ¢ € ( oo) U {0}. O

We shall now consider the situation where the volatility is sensitive with respect
to a functional of the forward curve. Suppose that ¢ is of the form

(10.3) c=¢ol,
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where ¢ is a non-trivial linear functional of the forward curve, i.e. £ € H é with
¢+#0,and ¢ : R — Hg. We assume ¢ € C1(R; Hp), ¢(R) C Hg,, —Z¢(R) C O and
that there exist L, M > 0 such that

lp(z1) — p(z2)||lp < L|xy — x2] for all x1, 20 € R,
lp(z)||g < M for all z € R.
Then, Assumption 5.2 is fulfilled.

10.2. Corollary. Suppose we have F(R) # 0 and ¢ # 0. Then, the HIMM equation
(1.2) has a one-dimensional affine realization if and only if

(10.4) o= pe “*
for some p# 0 and ¢ € (-, 00) U{0}.

Proof. If o is of the form (10.4), then the HIMM equation (1.2) has a one-dimensional
affine realization by Corollary 10.1.

Conversely, if the HIMM equation (1.2) has a one-dimensional affine realiza-
tion, then there exist, according to Corollary 10.1, a map ® € C'(Hg;R) and
ce (%, 00) U {0} such that (10.1) is satisfied. We define the isomorphism 7 : R —
(e=c*), m(y) := ye~°® and the map ¢ ;=7 1o¢: R — R. By (10.1) and (10.3) we
have (8.11). Since ¢ # 0 and ¢ # 0, we have ¢ # 0 and (8.12). Thus, Corollary 8.3
yields that ® = p for some p # 0, showing (10.4). O

From the literature, see, e.g., [30, 8, 24], it is well known that for Wiener driven
interest rate models the following three types of affine short rate realizations exist:
e The Ho-Lee model.
e The Hull-White extension of the Vasicek model.
e The Hull-White extension of the Cox-Ingersoll-Ross model.

Using Corollary 10.2 with ¢ : Hg — R, ¢(h) := h(0) (note that the evaluation of the
short rate actually is a continuous linear functional by Theorem 4.1) reveals that,
in the Lévy case, only two of these short rate models still exist:

e (10.4) with ¢ = 0 is the Ho-Lee model.
e (10.4) with ¢ # 0 is the Hull-White extension of the Vasicek model.

We close this section with some geometric aspects of the Vasicek model (the Ho-

Lee model requires further assumptions on the cumulant generating function ¥,

because otherwise the condition —Zo(Hg) C O from Assumption 5.2 will not be

fulfilled). For further results on the Lévy driven Vasicek model we refer to [13].
By Remark 7.2, the singular set ¥ is given by

5= _\1/( - 5(1 - e_“)) +(1,e7°).

For hg = =¥ (—=2(1 —e™°)) 4+ c11 + c2e™°® € ¥ with ¢1, ¢ € R the submanifold
M= _\y( - 2(1 - e—c')) fealt (e )y

is an invariant manifold for the HIMM equation (1.2).
For each hg € D(%) the weak solution (r¢)¢>o for (1.2) with ro = hg is also a
strong solution, and we have (3.4), (3.5), where

to:=inf {¢ > 0: 8, (ho+ ¥ ( - Za —em)) e (Le) b e 0,00,

Since £(e°*) = e “"|,—0 = 1, Proposition 2.8 yields an affine realization with
the short rate £(r) = r(0) as state process. For each initial curve hy € D(-L) the

short rate is an Ornstein-Uhlenbeck process, which becomes time-homogeneous for
hg € 3.
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