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STOCHASTIC INVARIANCE OF CLOSED, CONVEX SETS
WITH RESPECT TO JUMP-DIFFUSIONS

STEFAN TAPPE

Abstract. We investigate stochastic invariance of closed, convex sets with

respect to homogeneous jump-diffusions. Representing the closed, convex set as

a countable intersection of closed half spaces, we derive invariance conditions in
terms of the characteristic triplet, which concern the interior and, in particular,

the boundary of the set. Homogeneous jump-diffusions encompass solutions of

stochastic differential equations and affine processes, to which we apply our
results.
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1. Introduction

Given a closed, convex set C ⊂ Rd and a family Y of d-dimensional stochastic
processes, one is often interested in the stochastic viability or invariance problem
of the set C with respect to the family Y , that is, for each starting point y0 ∈ C
the process stays in C, see Definition 2.3 below.

In the literature, the invariance problem is well studied for continuous processes,
such as solutions of stochastic differential equations or stochastic control systems
driven by a Brownian motion, see [11, 4, 5, 6, 2] and others.

In this article, we consider homogeneous jump-diffusions in the spirit of [10, Sec.
III.2c], also allowing discontinuities. A homogeneous jump-diffusion Y with char-
acteristic triplet (b, c,K) is a semimartingale with state dependent characteristics
(B,C, ν) of the form

Bt =
∫ t

0

b(Ys)ds,(1.1)

Ct =
∫ t

0

c(Ys)ds,(1.2)

ν(dt, dx) = dtKYt(dx),(1.3)

see Definition 2.2 below.
This is a rich class of processes, including solutions of stochastic differential

equations driven by Wiener process and Poisson random measures, as well as affine
processes in the sense of [8].

In order to solve the stated invariance problem, we exploit the particular struc-
ture of closed, convex sets and understand them as countable intersections of closed
half spaces, which are simple geometric objects. Indeed, a classical result from con-
vex analysis combined with Lindelöf’s Lemma shows that each closed convex set
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C ⊂ Rd has a representation of the form

C =
⋂
i∈I

H+
i ,(1.4)

where the index set I is at most countable and each H+
i is a closed half space, that

is

H+
i = {y ∈ Rd : 〈ηi, y − zi〉 ≥ 0}, i ∈ I(1.5)

where ηi ∈ Rd \ {0} is a normal vector and zi ∈ Rd, see Lemma 2.1 below for the
precise statement. Then, stochastic invariance of the closed, convex set C means
that the process Y stays simultaneously in each of the half spaces H+

i .
Using the representation (1.4) and introducing the edges

∂Ci := {y ∈ C : 〈ηi, y − zi〉 = 0}, i ∈ I

we will derive in this text the invariance conditions∫
{‖x‖≤1}

〈ηi, x〉Ky(dx) <∞, i ∈ I, y ∈ ∂Ci(1.6)

〈ηi, b(y)〉 −
∫
{‖x‖≤1}

〈ηi, x〉Ky(dx) ≥ 0, i ∈ I, y ∈ ∂Ci(1.7)

〈ηi, c(y)ηi〉 = 0, i ∈ I, y ∈ ∂Ci(1.8)

y + x ∈ C, y ∈ C and Ky-almost all x ∈ Rd(1.9)

which are formulated in terms of the characteristic triplet (b, c,K). These conditions
turn out to be necessary for stochastic invariance of the closed, convex set C with
respect to the family Y , but, in general, they are not sufficient. This is due to the
continuous martingale part, which, in the particular case of stochastic differential
equations, leads to a Stratonovich correction term of the drift.

However, in several cases, which we present in this paper, conditions (1.6), (1.7),
(1.8), (1.9) are also sufficient for stochastic invariance of the closed, convex set C
with respect to the family Y .

In view of (1.6), observe that condition (1.9) implies

〈ηi, x〉 ≥ 0, i ∈ I, y ∈ ∂Ci and Ky-almost all x ∈ Rd.(1.10)

The above conditions (1.6), (1.7), (1.8) show that the behaviour of Y at the bound-
ary of C is crucial. Condition (1.6) concerns the ”small” jumps of Y and means,
intuitively speaking, that, at the edge ∂Ci, the purely discontinuous martingale
part must be of finite variation, unless it is parallel to the boundary

∂Hi = {y ∈ Rd : 〈ηi, y − zi〉 = 0}

of the half space H+
i . Condition (1.6) allows us to split the purely discontinuous

martingale part into two integrals, with one of them being a continuous finite varia-
tion process, which we add to the drift, and (1.7) says that this corrected drift term
must be inward pointing at the edge ∂Ci. Taking into account that 〈ηi, c(Y )ηi〉 is
the predictable quadratic covariation of the process 〈ηi, Y 〉, condition (1.8) means
that the diffusion part must be parallel to the boundary ∂Hi at the edge ∂Ci. Con-
dition (1.9) is a global condition concerning also the ”large” jumps of Y . It says
that the closed, convex set C must capture all possible jumps of the process Y .

The remainder of this text is organized as follows. In Section 2 we provide the
general setup and notations. Afterwards, we present our results on stochastic invari-
ance for homogeneous jump-diffusions in Section 3. We apply our results to affine
processes in Section 4.
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2. General setup and notation

In this section, we provide the general setup and auxiliary results, we shall require
in the sequel.

Let d ∈ N be a positive integer and let C ⊂ Rd be an arbitrary closed, convex set.
The following result will be crucial for our investigations on stochastic invariance.

2.1. Lemma. There exist an at most countable index set I and sequences (ηi)i∈I ⊂
Rd \ {0}, (zi)i∈I ⊂ Rd such that C has the representation (1.4), where the H+

i are
given by (1.5).

Proof. According to [12, Thm. 11.5], there exist an index set J and sequences
(ηj)j∈J ⊂ Rd \ {0}, (zj)j∈J ⊂ Rd such that C =

⋂
j∈J H

+
j with the H+

j given by
(1.5). We can write the complement of C as

Rd \ C = Rd \
⋂
j∈J

H+
j =

⋃
j∈J

(Rd \H+
j ).

Thus,
⋃
j∈J(Rd \H+

j ) is an open covering of Rd \C. Since Rd is a second countable
space, Lindelöf’s Lemma [1, Lemma 1.1.6] yields the existence of a countable subset
I ⊂ J such that Rd \ C =

⋃
i∈I(Rd \H

+
i ), and hence we have (1.4). �

We shall now approach the definition of a homogeneous jump-diffusion. We de-
note by Semd the convex cone of all symmetric nonnegative definite d×d-matrices.
Md denotes the convex cone of all (nonnegative) measures K on (Rd,B(Rd)) such
that K({0}) = 0 and

∫
Rd(‖x‖2 ∧ 1)K(dx) < ∞. Let b : Rd → Rd, c : Rd → Semd

and K : Rd →Md be given.
From now on, let (Ω,F , (Ft)t≥0,P) be a filtered probability space satisfying the

usual conditions.

2.2. Definition. (cf. [10, Def. III.2.18]) A process Y is called a homogeneous jump-
diffusion with characteristic triplet (b, c,K) if it is a semimartingale with the charac-
teristics (B,C, ν) given by (1.1), (1.2), (1.3) with respect to the truncation function
h : Rd → Rd, h(x) = x1{‖x‖≤1}.

According to [10, Thm. II.2.34], a homogeneous jump-diffusion Y with charac-
teristic triplet (b, c,K) has the canonical representation

(2.1)

Yt = Y0 + Y ct +
∫ t

0

∫
{‖x‖≤1}

x(µY (ds, dx)−KYs(dx)ds)

+
∫ t

0

∫
{‖x‖>1}

xµY (ds, dx) +
∫ t

0

b(Ys)ds, t ≥ 0

with respect to the truncation function h.
We proceed with the definition of stochastic invariance. Let Y ⊂ L0(F0) be a

subset such that Y contains the maps ω 7→ y, ω ∈ Ω for all y ∈ C. Moreover,
let Y = (Y y0)y0∈Y be a family of homogeneous jump-diffusions with characteristic
triplet (b, c,K) and Y y00 = y0 for all y0 ∈ Y.

2.3. Definition. The closed, convex set C ⊂ Rd is called invariant with respect to
the family Y of homogeneous jump-diffusions if P(

⋂
t∈R+
{Y y0t ∈ C}) = 1 for all

y0 ∈ Y with P(y0 ∈ C) = 1.

We close this section with an auxiliary result on stochastic invariance which we
will require later. Let Y be a homogeneous jump-diffusion with characteristic triplet
(b, c,K). For an arbitrary δ ≥ 1, the process Y δ defined as

Y δt := Yt −∆Yt1{‖∆Yt‖>δ}, t ≥ 0(2.2)
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is a special semimartingale with bounded jumps. By (2.1), we obtain the canonical
decomposition

Y δt = Y0 + Y ct +
∫ t

0

∫
{‖x‖≤δ}

x(µY (ds, dx)−KYs(dx)ds) +
∫ t

0

bδ(Ys)ds, t ≥ 0

(2.3)

where bδ : Rd → Rd is given by

bδ(y) = b(y) +
∫
{1<‖x‖≤δ}

xKy(dx), y ∈ Rd.

Let ςδ be the strictly positive stopping time

ςδ := inf{t > 0 : ‖∆Yt‖ > δ} = inf{t > 0 : Yt − Y δt > δ}.

2.4. Lemma. Let C ⊂ Rd be a closed (not necessarily convex) set. Then we have
P(
⋂
t∈R+
{Yt ∈ C}) = 1 if and only if P(

⋂
t∈R+
{Y δt∧ςδ ∈ C}) = 1 for all δ ≥ 1.

Proof. Assume P(
⋂
t∈R+
{Yt ∈ C}) = 1 and let δ ≥ 1 be arbitrary. Then we have

Y = Y δ on [0, ςδ) almost surely. By the closedness of C, we deduce P(
⋂
t∈R+
{Y δt∧ςδ ∈

C}) = 1.
Conversely, assume that P(

⋂
t∈R+
{Y δt∧ςδ ∈ C}) = 1 for all δ ≥ 1. Then we have

P(Ω̃) = 1, where

Ω̃ :=
⋃
δ∈N

⋂
t∈R+

{Y δt∧ςδ ∈ C}.

Let T ∈ R+ and ω ∈ Ω̃ be arbitrary. Since the trajectory Y (ω) is càdlàg, it only
makes finitely many jumps larger than 1 on the compact interval [0, T ]. Hence,
there exists δ(ω) ∈ N such that Yt(ω) = Y

δ(ω)

t∧ςδ(ω)(ω) ∈ C for all t ∈ [0, T ]. Since
T ∈ R+ and ω ∈ Ω̃ were arbitrary, we deduce that P(

⋂
t∈R+
{Yt ∈ C}) = 1. �

3. Stochastic invariance with respect to homogeneous
jump-diffusions

In this section, we derive necessary and sufficient conditions for stochastic invari-
ance of the closed, convex set C ⊂ Rd with respect to the family Y of homogeneous
jump-diffusions with characteristic triplet (b, c,K). For the set C, we take a repre-
sentation of the form (1.4) with an at most countable index set I, which, according
to Lemma 2.1, always exists.

For the upcoming Theorem 3.2 we impose the following continuity conditions.

3.1. Assumption. We assume that the maps b : Rd → Rd and c : Rd → Semd are
continuous and that y 7→

∫
B
xKy(dx) is continuous on Rd for all B ∈ B(Rd) with

B ⊂ {x ∈ Rd : ε < ‖x‖ ≤ δ} for some 0 < ε < δ.

3.2. Theorem. Suppose Assumption 3.1 is fulfilled. If the closed, convex set C is
invariant with respect to family Y , then we have (1.6), (1.7), (1.8), (1.9).

3.3. Remark. If we have
∫

Rd(‖x‖2 ∧ ‖x‖)Ky(dx) < ∞ for all y ∈ Rd, then the
family Y consists of special semimartingales and we can replace (1.6), (1.7) by the
two equivalent conditions∫

Rd
〈ηi, x〉Ky(dx) <∞, i ∈ I, y ∈ ∂Ci(3.1)

〈ηi, a(y)〉 −
∫

Rd
〈ηi, x〉Ky(dx) ≥ 0, i ∈ I, y ∈ ∂Ci(3.2)
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where a : Rd → Rd defined as

a(y) := b(y) +
∫
{‖x‖>1}

xKy(dx), y ∈ Rd

induces the finite variation part in the canonical decomposition.

Proof. Let y0 ∈ C be arbitrary. We set Y := Y y0 . According to Lemma 2.4 we have

P(Y δτ ∈ C) = 1(3.3)

for each δ ≥ 1 and every finite stopping time τ ≤ ςδ.
Let δ ≥ 1 be fixed and set τ0 := ςδ. Let φ ∈ Rd be constant and let ψ : Rd → R

be a measurable function of the form ψ = c1B with c > −1 and B ∈ B(Rd)
with B ⊂ {x ∈ Rd : ε < ‖x‖ ≤ δ} for some ε > 0. Let Zδ be the Doléans-Dade
Exponential

Zδt = E
(
〈φ, Y c〉+

∫ •
0

∫
Rd
ψ(x)(µY (ds, dx)−KYs(dx)ds)

)
t

, t ≥ 0.

By [10, Thm. I.4.61] the process Zδ is a solution of

Zδt = 1 +
d∑
j=1

φj

∫ t

0

ZδsdY
j,c
s +

∫ t

0

∫
Rd
Zδs−ψ(x)(µY (ds, dx)−KYs(dx)ds), t ≥ 0

and, since ψ > −1, the process Z is a strictly positive local martingale. There
exists a strictly positive stopping time τ1 such that (Zδ)τ1 is a martingale. For an
arbitrary i ∈ I, integration by parts yields (see [10, Thm. I.4.52])
(3.4)

〈ηi, Y δt − zi〉Zδt =
∫ t

0

〈ηi, Y δs− − zi〉dZδs +
∫ t

0

Zδs−d〈ηi, Y δ − zi〉s

+ 〈〈ηi, Y δ − zi〉c, (Zδ)c〉t +
∑
s≤t

∆〈ηi, Y δ − zi〉s∆Zδs , t ≥ 0.

Note that, by the canonical decomposition (2.3),

〈〈ηi, Y δ − zi〉c, (Zδ)c〉t =
∫ t

0

Zδs 〈φ, c(Ys)ηi〉ds, t ≥ 0(3.5)

∑
s≤t

∆〈ηi, Y δ − zi〉s∆Zδs =
∫ t

0

∫
Rd
Zδs−ψ(x)〈ηi, x〉µY (ds, dx), t ≥ 0.(3.6)

Incorporating (2.3), (3.5) and (3.6) into (3.4), we obtain

(3.7)
〈ηi, Y δt − zi〉Zδt = Mt +

∫ t

0

Zδs−

(
〈ηi, b(Ys−)〉+

∫
{1<‖x‖≤δ}

〈ηi, x〉KYs−(dx)

+ 〈φ, c(Ys−)ηi〉+
∫

Rd
ψ(x)〈ηi, x〉KYs−(dx)

)
ds, t ≥ 0

where M is a local martingale with M0 = 0. There exists a strictly positive stopping
time τ2 such that Mτ2 is a martingale.

By Assumption 3.1 there exist strictly positive stopping times τ3, τ4, τ5 and con-
stants b̃, c̃(φ), K̃(ψ) > 0 such that∣∣∣∣〈ηi, b(Y(t∧τ3)−)〉+

∫
{1<‖x‖≤δ}

〈ηi, x〉KY(t∧τ3)−(dx)
∣∣∣∣ ≤ b̃, t ≥ 0(3.8)

|〈φ, c(Y(t∧τ4)−)ηi〉| ≤ c̃(φ), t ≥ 0(3.9) ∣∣∣∣ ∫
Rd
ψ(x)〈ηi, x〉KY(t∧τ5)−(dx)

∣∣∣∣ ≤ K̃(ψ), t ≥ 0.(3.10)
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Let B := {x ∈ Rd : y0 +x /∈ C}. In order to prove (1.9), it suffices, since y0 ∈ C, to
show that Ky0(B ∩ {x ∈ Rd : ε < ‖x‖ ≤ δ}) = 0 for all 0 < ε < δ. Suppose, on the
contrary, there exist 0 < ε < δ such that Ky0(B ∩ {x ∈ Rd : ε < ‖x‖ ≤ δ}) > 0. By
countability of I there exists i ∈ I such that Ky0(Bi ∩{x ∈ Rd : ε < ‖x‖ ≤ δ}) > 0,
where Bi := {x ∈ Rd : y0 + x /∈ H+

i }. We obtain∫
Bi∩{ε<‖x‖≤δ}

〈ηi, x〉Ky0(dx) ≤
∫
Bi∩{ε<‖x‖≤δ}

〈ηi, y0 + x〉Ky0(dx) < 0.

By Assumption 3.1, there exist κ > 0 and a strictly positive stopping time τ6 ≤ 1
such that ∫

Bi∩{ε<‖x‖≤δ}
〈ηi, x〉KY(t∧τ6)−(dx) ≤ −κ, t ≥ 0.

Let φ := 0, ψ := b̃+1
κ 1Bi∩{ε<‖x‖≤δ} and τ :=

∧6
i=0 τi. Taking expectation in (3.7) we

obtain E[〈ηi, Y δτ − zi〉Zδτ ] < 0, implying P(〈ηi, Y δτ − zi〉 < 0) > 0, which contradicts
(3.3). This yields (1.9).

From now on, we assume that y0 ∈ ∂Ci for an arbitrary i ∈ I and δ := 1. Then
equation (3.7) simplifies to

(3.11)
〈ηi, Y 1

t − zi〉Z1
t = Mt +

∫ t

0

Z1
s−

(
〈ηi, b(Ys−)〉+ 〈φ, c(Ys−)ηi〉

+
∫

Rd
ψ(x)〈ηi, x〉KYs−(dx)

)
ds, t ≥ 0

and relation (3.8) becomes

|〈ηi, b(Y(t∧τ3)−)〉| ≤ b̃, t ≥ 0.

Suppose that 〈ηi, c(y0)ηi〉 > 0. By the continuity of c (see Assumption 3.1) there
exist κ > 0 and a strictly positive stopping time τ6 ≤ 1 such that

〈ηi, c(Y 1
(t∧τ6)−)ηi〉 ≥ κ, t ≥ 0.

Let φ := − b̃+1
κ ηi, ψ := 0 and τ :=

∧6
i=0 τi. Taking expectation in (3.11) yields

E[〈ηi, Y 1
τ − zi〉Z1

τ ] < 0, implying P(〈ηi, Y 1
τ − zi〉 < 0) > 0, which contradicts (3.3).

This proves (1.8).
Now suppose

∫
{‖x‖≤1}〈ηi, x〉Ky0(dx) = ∞. Using Assumption 3.1 and noting

relation (1.10), there exist ε ∈ (0, 1) and a strictly positive stopping time τ6 ≤ 1
such that

−1
2

∫
{ε<‖x‖≤1}

〈ηi, x〉KY(t∧τ6)−(dx) ≤ −(b̃+ 1), t ≥ 0.

Let φ := 0, ψ := − 1
21{ε<‖x‖≤1} and τ :=

∧6
i=0 τi. Taking expectation in (3.11)

yields E[〈ηi, Y 1
τ − zi〉Z1

τ ] < 0, implying P(〈ηi, Y 1
τ − zi〉 < 0) > 0, which contradicts

(3.3). This yields (1.6).
Next, we show for all n ∈ N the relation

(3.12) 〈ηi, b(y0)〉+
∫

Rd
ψn(x)〈ηi, x〉Ky0(dx) ≥ 0,

where ψn := −(1 − 1
n )1{ 1

n<‖x‖≤1}. Suppose, on the contrary, that (3.12) is not
satisfied for some n ∈ N. Using Assumption 3.1, there exist κ > 0 and a strictly
positive stopping time τ6 ≤ 1 such that

〈ηi, b(Y(t∧τ6)−)〉+
∫

Rd
ψn(x)〈ηi, x〉KY(t∧τ6)−(dx) ≤ −κ, t ≥ 0.
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Let φ := 0 and τ :=
∧6
i=0 τi. Taking expectation in (3.11) we obtain E[〈ηi, Y 1

τ −
zi〉Z1

τ ] < 0, implying P(〈ηi, Y 1
τ − zi〉 < 0) > 0, which contradicts (3.3). This yields

(3.12). By (3.12), (1.6) and Lebesgue’s theorem, we conclude (1.7). �

We shall now provide sufficient conditions for stochastic invariance. For this
purpose, we introduce the reflected half spaces

H−i := {y ∈ Rd : 〈ηi, y − zi〉 ≤ 0}, i ∈ I.

3.4. Theorem. Suppose we have∫
{‖x‖≤1}

〈ηi, x〉Ky(dx) <∞, i ∈ I, y ∈ H−i(3.13)

〈ηi, b(y)〉 −
∫
{‖x‖≤1}

〈ηi, x〉Ky(dx) ≥ 0, i ∈ I, y ∈ H−i(3.14)

〈ηi, c(y)ηi〉 = 0, i ∈ I, y ∈ H−i(3.15)

〈ηi, x〉 ≥ 0, i ∈ I, y ∈ H−i and Ky-almost all x ∈ Rd(3.16)

〈ηi, y + x− zi〉 ≥ 0, i ∈ I, y ∈ H+
i and Ky-almost all x ∈ Rd.(3.17)

Then, the closed, convex set C is invariant with respect to the family Y .

Proof. Suppose the closed, convex set C is not invariant with respect to the family
Y . By Lemma 2.4, there exist y0 ∈ Y with P(y0 ∈ C) = 1, an index i ∈ I and δ ≥ 1
such that P(τ <∞) > 0, where

τ := inf{t > 0 : 〈ηi, Y δt∧ςδ − zi〉 < 0}

and Y δ denotes the special semimartingale defined in (2.2) with Y := Y y0 . Using
Itô’s formula [10, Thm. I.4.57] shows that the process 〈ηi, Y c〉 has the predictable
quadratic covariation

〈〈ηi, Y c〉, 〈ηi, Y c〉〉 = 〈ηi, c(Y )ηi〉, i ∈ I.(3.18)

Noting that {τ <∞} =
⋃
n∈N{τn <∞}, where

τn := inf
{
t > 0 : 〈ηi, Y δt∧ςδ − zi〉 ≤ −

1
n

}
, n ∈ N

there exists n ∈ N such that P(τn <∞) > 0. Because of (3.17) we have

P
( ⋃
m∈N

⋂
t∈[τn− 1

m ,τn]∩Q+

{〈ηi, Y δt∧ςδ − zi〉 < 0}
)
> 0,

and hence there exists m ∈ N such that

P
( ⋂
t∈[τn− 1

m ,τn]∩R+

{〈ηi, Y δt∧ςδ − zi〉 < 0}
)
> 0.

Choosing ε := 1
n and κ := 1

m we have P(τε,κ <∞) > 0, where

τε,κ := inf{t > 0 : 〈ηi, Y δt∧ςδ − zi〉 ≤ −ε and

〈ηi, Y δs∧ςδ − zi〉 ∈ (−ε, 0) for all s ∈ [t− κ, t] ∩ R+}.
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On {τε,κ <∞} we obtain by the canonical decomposition (2.3) and relations (3.13),
(3.14), (3.15), (3.16), (3.18)

0 > 〈ηi, Y δτε,κ∧ςδ − zi〉 − 〈ηi, Y
δ
(τε,κ−κ)+∧ςδ − zi〉 = Y cτε,κ∧ςδ − Y

c
(τε,κ−κ)+∧ςδ

+
∫ τε,κ∧ςδ

(τε,κ−κ)+∧ςδ

∫
{‖x‖≤δ}

〈ηi, x〉µY (ds, dx)

+
∫ τε,κ∧ςδ

(τε,κ−κ)+∧ςδ

(
〈ηi, b(Ys)〉 −

∫
{‖x‖≤1}

〈ηi, x〉KYs(dx)
)
ds ≥ 0,

a contradiction. �

Let Π : Rd → C be the metric projection on the closed, convex set C. For every
y0 ∈ Rd, the metric projection Π(y0) is given by the unique element y ∈ C such
that

‖y − y0‖ = inf
z∈C
‖z − y0‖,

see, e.g., [13, Satz V.3.2].
Now, we assume that Y = (Y y0)y0∈Y is a family of homogeneous jump-diffusions

with characteristic triplet (b ◦Π, c ◦Π,K ◦Π).

3.5. Corollary. Suppose we have

Π(y) ∈ ∂Ci, i ∈ I, y ∈ H−i(3.19)

〈ηi, y〉 = 〈ηi,Π(y)〉, i ∈ I, y ∈ H+
i(3.20)

and conditions (1.6), (1.7), (1.8), (1.9) are fulfilled. Then, the closed, convex set C
is invariant with respect to the family Y . In particular, Y is a family of homogeneous
jump-diffusions with characteristic triplet (b, c,K).

Proof. Using (1.6), (1.7), (1.8), (1.9) and (3.19), (3.20) we obtain∫
{‖x‖≤1}

〈ηi, x〉KΠ(y)(dx) <∞, i ∈ I, y ∈ H−i

〈ηi, b(Π(y))〉 −
∫
{‖x‖≤1}

〈ηi, x〉KΠ(y)(dx) ≥ 0, i ∈ I, y ∈ H−i

〈ηi, c(Π(y))ηi〉 = 0, i ∈ I, y ∈ H−i
〈ηi, x〉 = 〈ηi,Π(y) + x− zi〉 ≥ 0, i ∈ I, y ∈ H−i and KΠ(y)-almost all x ∈ Rd

〈ηi, y + x− zi〉 ≥ 0, i ∈ I, y ∈ H+
i and KΠ(y)-almost all x ∈ Rd.

Hence, Theorem 3.4 applies. �

3.6. Remark. Note that conditions (3.19), (3.20) are satisfied if the closed, convex
set C is a half space of the form (1.5), or a convex cone of the type C = Rm+ ×Rn,
see Section 4.

Summing up the achievements of this section, conditions (1.6), (1.7), (1.8), (1.9)
are necessary and, subject to enough regularity, also sufficient for stochastic in-
variance of the closed, convex set C with respect to the family Y of homogeneous
jump-diffusions.
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Particular examples of homogeneous jump-diffusions are solutions of stochastic
differential equations
(3.21)

dYt = α(Yt)dt+
∑
j

σj(Yt)dβ
j
t +

∫
{‖γ(Yt−,·)‖≤1}

γ(Yt−, x)(µ(dt, dx)− F (dx)dt)

+
∫
{‖γ(Yt−,·)‖>1}

γ(Yt−, x)µ(dt, dx)

driven by a (possibly infinite dimensional) Wiener process W with covariance op-
erator Q having the expansion

W =
∑
j

√
λjβ

jej ,

(see [3, Prop. 4.1]), and a homogeneous Poisson random measure µ on R+ × E,
see [10, Def. II.1.20], with compensator dt ⊗ F (dx), on the mark space (E, E),
which is allowed to be a Blackwell space (see [7, 9]). Under appropriate regularity
assumptions, the solutions of (3.21) form a family of homogeneous jump-diffusions
with characteristic triplet given by

b(y) = α(y), y ∈ Rd

c(y) = σ(y)Q
1
2 (σ(y)Q

1
2 )∗, y ∈ Rd

Ky(B) =
∫

Rd
1B\{0}(γ(y, x))F (dx), y ∈ Rd and B ∈ B(Rd).

As mentioned above, the derived invariance conditions are, in general, only neces-
sary, because, in general, the drift has to compensated by a Stratonovich correction
term, see, e.g., [6]. However, if the conditions of Theorem 3.4 or Corollary 3.5 are
fulfilled, then the Stratonovich term vanishes.

Homogeneous jump-diffusions also encompass affine processes, which are tailor-
made for an application of our previous results. We study them in the upcoming
section.

4. Stochastic invariance with respect to affine processes

In this section, we apply our preceding results to affine processes.
As before, let d ∈ N be a positive integer. Let m,n ∈ N0 be such that m+n = d.

We set C = Rm+ × Rn, which is a closed, convex set of the form (1.4) with I =
{1, . . . ,m} and ηi = ei, zi = 0 for i = 1, . . . ,m. Here the ei, i = 1, . . . , d denote the
unit vectors in Rd.

Note that C is also a convex cone. Its edges are given by

∂Ci = {y ∈ C : yi = 0}, i = 1, . . . ,m.

Let Y = (Y y0)y0∈Y be a family of homogeneous jump-diffusions with characteristic
triplet (b, c,K). Using the particular form of the convex cone C, the following
auxiliary result is obvious.

4.1. Lemma. Conditions (1.6), (1.7), (1.8), (1.9) are satisfied if and only if∫
{‖x‖≤1}

xiKy(dx) <∞, i = 1, . . . ,m, y ∈ ∂Ci(4.1)

bi(y)−
∫
{‖x‖≤1}

xiKy(dx) ≥ 0, i = 1, . . . ,m, y ∈ ∂Ci(4.2)

cii(y) = 0, i = 1, . . . ,m, y ∈ ∂Ci(4.3)

y + x ∈ C, y ∈ C and Ky-almost all x ∈ Rd.(4.4)
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We assume that the characteristic triplet (b, c,K) is of the affine form

bi(y) = b0i +
∫
{‖x‖≤1}

xiK
0(dx) +

m∑
j=1

b1ijy
+
j +

m∑
j=1
j 6=i

y+
j

∫
{‖x‖≤1}

xiK
j(dx)(4.5)

+
d∑

j=m+1

b1ijyj , y ∈ Rd and i = 1, . . . ,m

bi(y) = b0i +
m∑
j=1

b1ijy
+
j +

d∑
j=m+1

b1ijyj , y ∈ Rd and i = m+ 1, . . . , d(4.6)

c(y) = c0 +
m∑
j=1

y+
j c

j , y ∈ Rd(4.7)

Ky(B) = K0(B) +
m∑
j=1

y+
j K

j(B), y ∈ Rd and B ∈ B(Rd)(4.8)

where b0 ∈ Rd, b1 ∈ Rd×d and ci ∈ Semd, Ki ∈ Md for i = 0, . . . ,m. We agree to
set bi(y) =∞ if one of the integrals in (4.5) diverges. Note that c maps into Semd

and K maps into Md, because Semd, Md are convex cones.
Because of the affine structure of the characteristic triplet (b, c,K), we are, in

the sequel, concerned with affine processes.
In the spirit of [8, Def. 2.6] we make the following definition.

4.2. Definition. We call the characteristic triplet (b, c,K) admissible if the follow-
ing conditions are satisfied:

• We have b0 ∈ C, i.e.

b0i ≥ 0, i = 1, . . . ,m.(4.9)

• For each i = 1, . . . ,m we have

b1ij ≥ 0, j ∈ {1, . . . ,m} \ {i},(4.10)

b1ij = 0, j = m+ 1, . . . , d.(4.11)

• We have

c0ii = 0, i = 1, . . . ,m.(4.12)

• For each i = 1, . . . ,m we have

cjii = 0, j ∈ {1, . . . ,m} \ {i}.(4.13)

• We have supp(K0) ⊂ C and∫
{‖x‖≤1}

xiK
0(dx) <∞, i = 1, . . . ,m.(4.14)

• For each i = 1, . . . ,m we have supp(Ki) ⊂ C and∫
{‖x‖≤1}

xiK
j(dx) <∞, j ∈ {1, . . . ,m} \ {i}.(4.15)

4.3. Proposition. The characteristic triplet (b, c,K) is admissible if and only if
conditions (4.1)–(4.4) are satisfied.

Proof. ”⇒”: Note that the integrals in (4.5) converge because of (4.14) and (4.15).
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In the sequel, let i ∈ {1, . . . ,m} and y ∈ ∂Ci be arbitrary. By (4.12) and (4.13)
we obtain

cii(y) = c0ii(y) +
m∑
j=1
j 6=i

yjc
j
ii = 0,

showing (4.3). Using (4.14) and (4.15) we get∫
{‖x‖≤1}

xiKy(dx) =
∫
{‖x‖≤1}

xiK
0(dx) +

m∑
j=1
j 6=i

yj

∫
{‖x‖≤1}

xiK
j(dx) <∞,

proving (4.1). Relations (4.9), (4.10) and (4.11) yield

bi(y)−
∫
{‖x‖≤1}

xiKy(dx) = b0i +
m∑
j=1
j 6=i

b1ijyj +
d∑

j=m+1

b1ijyj ≥ 0,

which proves (4.2).
Note that supp(Ky) ⊂ C for all y ∈ C, because supp(Ki) ⊂ C for all i =

0, . . . ,m. Consequently, (4.4) is satisfied, because C is a convex cone.

”⇐”: By (4.3) we have

c0ii = cii(0) = 0, i = 1, . . . ,m

showing (4.12). For each i = 1, . . . ,m relations (4.12) and (4.3) give us

cjii = c0ii + cjii = cii(ej) = 0, j ∈ {1, . . . ,m} \ {i}

proving (4.13).
Putting y = 0 in (4.4) we obtain supp(K0) = supp(K0) ⊂ C. Suppose, for some

i ∈ {1, . . . ,m} there exists x ∈ supp(Ki) with x /∈ C. Then we have x ∈ supp(Kλei)
for all λ > 0. Using (4.4) we obtain λei + x ∈ C for all λ > 0. By the closedness of
C we arrive at the contradiction x ∈ C. Hence supp(Ki) ⊂ C for all i = 1, . . . ,m.

By (4.1) we have∫
{‖x‖≤1}

xiK
0(dx) =

∫
{‖x‖≤1}

xiK0(dx) <∞, i = 1, . . . ,m

showing (4.14). For each i = 1, . . . ,m relations (4.14) and (4.1) yield∫
{‖x‖≤1}

xiK
j(dx) =

∫
{‖x‖≤1}

xiKej (dx)−
∫
{‖x‖≤1}

xiK
0(dx) <∞

for all j ∈ {1, . . . ,m} \ {i}, which proves (4.15).
In the sequel, let i ∈ {1, . . . ,m} be arbitrary. According to (4.5) and (4.2) we

have

b0i = bi(0)−
∫
{‖x‖≤1}

xiK
0(dx) = bi(0)−

∫
{‖x‖≤1}

xiK0(dx) ≥ 0,

showing (4.9). For each j ∈ {1, . . . ,m} \ {i} we have, by using (4.5) and (4.2),

b0i + λb1ij = bi(λej)−
∫
{‖x‖≤1}

xiK
0(dx)− λ

∫
{‖x‖≤1}

xiK
j(dx)

= bi(λej)−
∫
{‖x‖≤1}

xiKλej (dx) ≥ 0 for all λ ≥ 0.
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Because of (4.9), we obtain (4.10). For each j = m + 1, . . . , d we have, by using
(4.5) and (4.2) again,

b0i + λb1ij = bi(λej)−
∫
{‖x‖≤1}

xiK
0(dx)

= bi(λej)−
∫
{‖x‖≤1}

xiKλej (dx) ≥ 0 for all λ ∈ R.

This relation proves (4.11). �

4.4. Theorem. The closed, convex set C is invariant with respect to the family Y
if and only if the characteristic triplet (b, c,K) is admissible.

Proof. Since the characteristic triplet (b, c,K) is of the affine form given by (4.5),
(4.6), (4.7) and (4.8), Assumption 3.1 is fulfilled. The metric projection Π : Rd → C
is given by

Π(y) =
m∑
j=1

y+
j ej +

d∑
j=m+1

yjej , y ∈ Rd.

Hence, conditions (3.19), (3.20) are fulfilled and, since the characteristic triplet
(b, c,K) is of the affine form given by (4.5), (4.6), (4.7) and (4.8), we have b◦Π = b,
c ◦Π = c and K ◦Π = K.

Combining Theorem 3.2, Corollary 3.5, Lemma 4.1 and Proposition 4.3, we arrive
at the stated result. �

4.5. Remark. By Definition 2.2, the family Y consists of semimartingales with
characteristics (B,C, ν) given by (1.1), (1.2), (1.3). If the characteristic triplet
(b, c,K) is admissible, [8, Thm. 2.12] shows that each Y y0 is a regular, conservative,
affine process with state space C.
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