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STABILITY RESULTS FOR TERM STRUCTURE MODELS
DRIVEN BY LEVY PROCESSES

BARBARA RUDIGER AND STEFAN TAPPE

ABSTRACT. We provide stability results for term structure models driven by
Lévy processes. Regarding such a model as the solution of a stochastic partial
differential equation, the so-called HIMM equation, we prove stability with
respect to perturbations of the volatilities and the initial forward curve. We
also study regular dependence on initial data and show, for a differentiable
curve of initial data, convergence to the first variation process.
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1. INTRODUCTION

In reality, one can never be sure of the accuracy of a proposed model for financial
market fluctuations or other random phenomena. The natural question arises, if
one perturbs the model a bit, how large a the resulting changes? In this text, we
investigate stability of Lévy term structure models. More precisely, we consider a
market of zero coupon bonds

(1.1) P(L,T) = exp ( - /tT_t rt(x)dat), 0<t<T

where the forward rates r(z) (in the Musiela parametrization [25]) are driven by a
Lévy process X = (X*',..., X%). Such models, which generalize the classical Heath,
Jarrow, Morton (HJM) model [19] driven by a Wiener process, have been proposed
by Eberlein et al. [7, 8, 9, 10, 11, 12]. Other approaches in order to generalize the
classical HIM framework can be found in Bjérk et al. [2, 3], Carmona and Tehranchi
[4], and, e.g., [29, 21, 20].

Since, from a financial modeling point of view, one would like to incorporate the
current state of the forward curve, it was suggested to model the forward curves
as the solution of a stochastic partial differential equation (SPDE), the so-called
HJMM (Heath—Jarrow—Morton-Musiela) equation

(1.2) dry = (%ri + ampm(ry))dt + 25:1 ol (ry_)dX7)
. ro = ho
on a suitable Hilbert space H of forward curves, where % denotes the differential

operator, which is generated by the strongly continuous semigroup (.S;)¢>¢ of shifts.

For term structure models driven by a Brownian motion, the existence proof has
been provided in [13], and for the Lévy case, which we consider in this text, in [14].
We also refer to the related papers [27] and [23].
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2 BARBARA RUDIGER AND STEFAN TAPPE

The bond market (1.1) is free of arbitrage if we can find an equivalent (local)
martingale measure such that discounted bond prices

exp < _ /0 t rs(O)ds) P T), tel0,T]

are local martingales for all maturities T'. If we formulate the HIMM equation (1.2)
with respect to such an equivalent martingale measure, then the drift is determined
by the volatilities, i.e. agyn : H — H is given by the HIM drift condition

d .
13wl =~ Yol w;( - [T mman). nen

where the ¥, denote the cumulant generating functions of the Lévy processes, see
[8, Sec. 2.1].

In this text, we show that Lévy term structure models of the type (1.2) are stable
with respect to perturbations of the volatilities 07 and the initial forward curve hg.
We also study regular dependence on initial data and show that, for a differentiable
curve € — c(e) of initial data with ¢/(0) = w we obtain convergence to the first
variation process J(r) @ w (see Appendix C for the definition of the first variation
process).

In the recent paper [15] a new approach to stochastic partial differential equa-
tions, called the method of the moving frame, was suggested. This approach allows
to reduce a wide class of SPDE problems to SDEs and admits stability results,
which are suitable for this text. However, for an application of those results to
Lévy term structure models, we have, due to the absence of arbitrage, to take into
account the particular structure of the HIM drift term apyy from (1.3).

Finally, we mention that, recently, the existence proof in the more general situa-
tion, where, in the spirit of [2], the HIMM equation is driven by a (possibly infinite
dimensional) Wiener process and a compensated Poisson random measure, was es-
tablished in [16]. However, then the structure of the corresponding HIM drift aggm
becomes quite involved, whence we focus our attention on the Lévy case here.

The remainder of this text is organized as follows. In Section 2 we introduce the
space Hg of forward curves. Using this space, we establish stability of Lévy term
structure models in Section 3 and regular dependence on initial data for Lévy term
structure models in Section 4. The required results for general stochastic partial
differential equations are provided in Appendices A, B, C.

2. THE SPACE OF FORWARD CURVES

In this section, we define the space of forward curves, on which we will study
the HIMM equation (1.2) in the forthcoming sections. These spaces have been
introduced in [13, Sec. 5].

We fix an arbitrary constant 8 > 0. Let Hz be the space of all absolutely
continuous functions h : Ry — R such that

1

th=@MW+AJW@%MMY<w-

Let (St)e>0 be the shift semigroup on Hg defined by Sih := h(t + -) for t € R,
Since forward curves should flatten for large time to maturity z, the choice of
Hp is reasonable from an economic point of view.
2.1. Theorem. Let 3 > 0 be arbitrary.
(1) The space (Hg,| - |Ig) is a separable Hilbert space.
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(2) For each x € Ry, the point evaluation h — h(zx) : Hg — R is a continuous
linear functional.

(3) (St)i>0 is a Cy-semigroup on Hg with infinitesimal generator % :D(+) C
Hg — Hg, %h =h/, and domain

D(L)={he Hg|h' € Hg}.

ac S 1s continuous, bounded and the limit h(oco) := lim, ., h(x
4) Fach h € Hg i ; bounded and the limit h li h
erists.
(5) Hj:={h € Hg|h(co) =0} is a closed subspace of Hp.
ere exists a uniwersal constant C' > 0, only depending on 3, such that
6) Th ) l C >0 ly d d 16 h th
for all h € Hg we have the estimate

7l iy < CllR|g,
7) For each 3’ > (3, we have Hg» C Hp and the relation
1Blls < [Ihllsg,  h e Hp

8) There exist another separable Hilbert space Hg, a Co-group (Up)ier on Hp
and continuous linear operators ¢ € L(Hg, Hg), m € L(Hg, Hg) such that

the diagram

Hy —2 Hg

e

Hy _ S, Hy
commutes for every t € Ry, that is

wUlh = Sth for allt € Ry and h € Hg.
Proof. See [16, Thm. 2.1]. O

Note that the latter statement of Theorem 2.1 ensures that Assumption A.4 from
Appendix A is fulfilled, whence, in the sequel, we may apply the results obtained
by the method of the moving frame in [15]. Actually, the particular structure of
the Hilbert space Hg is not relevant for this text. For the sake of completeness, we
shortly review its definition. It is constructed in a natural way, namely, let Hg be
the space of all absolutely continuous functions h : R — R such that

Ihllg = (|h<0>|2 + /R |h’<x>|2eﬁ'fdx)é < o0.

Let (Uy)ier be the shift group on Hg defined by Uph := h(t + ) for t € R. Further-
more, we define the isometric embedding ¢ : Hg — Hg as

{h(O), z<0

L(h = heH
@) =qp 0 S0 hed
and let 7 := ¢* : H3 — Hp be its adjoint operator, which is given by 7(h) = hlg, ,

hEHg.

3. STABILITY OF LEVY TERM STRUCTURE MODELS

In this section we provide the announced stability result, showing that Lévy term
structure models are stable with respect to perturbations of the volatilities and the
initial forward curve.

Throughout this text, let (2, F, (F¢)e>0,P) be a filtered probability space satis-
fying the usual conditions. Let d, e € Ny be integers such that d4e > 1. We denote
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by W1, ..., W real-valued, independent Wiener processes, and by X!,..., X¢ real-
valued, independent Lévy martingales without diffusion part, which have the Lévy
measures Fip,..., Fe.

3.1. Assumption. We assume there exist constants N,e > 0 such that for all
k=1,...,e we have

/{ }eZ”Fk(dsc)<oo, z€[-(1+¢)N,(1+¢)N]
|z|>1

Then, the cumulant generating functions
Up(z) := lnIE[eZXf], k=1,...,e

exist on [—N, N] and are of class C*°, see [28, Lemma 26.4]. In particular, there

exists a constant K > 0 such that for all Kk =1,...,e we have
(3.1) 0" ()| <K, z€[-N,Nlandn=0,... 4.

Let 3 > 0 be an arbitrary real number. Let volatilities o/ : Hg — Hp, j =1,...,d,
§k . Hg — Hg, k=1,...,eand o) : Hz — Hg, j=1,...,d, 0% : Hg — Hg,
k=1,...,e for each n € N be given.

3.2. Assumption. We assume that for allh € Hg, z € Ry and k =1,...,e we

have
]/0 5’“(h)(77)d77’ <N

[ o] < v, nen
0

According to the HIM drift condition (1.3) we define
(3.2)

arna(h) ::iaj(h) / n)dn — Z(sk ( / 5 (h )

(3.3)
d

o} = ol .aj - s (= [ s n
o) = 301 [ et ;wm( [ skaian), nex
for each h € Hg.

3.3. Assumption. We assume that for all h € Hg we have oi(h) — o?(h), j =
.yd and 6F(h) — 6%(h), k=1,...,e

3.4. Assumption. We assume there exist a constant L > 0 such that

(84) oI () o (ho)lls < Lliba — hall, G =1.....d

(35) 18" (h) =" (ha)ly < Lllhy = hallgs k=1,....0

(3.6) lod (hy) — ol (ho)|lp < L||hy — hallg, j=1,...,d andn €N
(3.7) 165 (h1) — 6%(ha)llp < Ll|hy — hallp, k=1,...,e andn € N
for all hy,hy € Hg, and a constant M > 0 such that

(3.8) lo?(h)llg <M, j=1,....d

(3.9) Io" (W)l <M, k=1....c

(3.10) lo? (P)lg <M, j=1,...,dandneN

(3.11) l6¥()lg <M, k=1,...,e andn €N
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for all h € Hg.

3.5. Proposition. Suppose Assumptions 3.1, 3.2, 3.3, 3.4 are fulfilled. Then we
have oy (Hg) C Hg, afm(Hg) C Hg for alln € N and afjy(h) — amgm(h)

for each h € Hg. Moreover, there exists a constant L > 0 such that

(3.12) lattsna (A1) — arna(ha)lls < Lliha — holls,

(3.13) loging(h1) = afip(he)lls < Lilhy = hallp, neN

for all hy,hy € Hg.

Proof. The claim follows from [13, Cor. 5.1.2] and [14, Prop. 4.5]. O

Now let arbitrary initial curves hg € L?(, Fo,P; Hg) and hi € L*(Q, Fo,P; Hp),
n € N be given. Let (r¢)¢>0 be the mild solution for the HIMM equation

(3.14) dre = (re+ amm(r))dt+ X5 o7 (r)dWY + 35, 0% (re-)dXE
' ro = ho,
and for each n € N let (7);>0 be the mild solution for the HIMM equation
n n n n d j (om0 j € n
dri' = (%Tt + agym(rt))dt + Zj:l of, (rf) AWy + 3", ay (rp_)dXf
ry = hg

on the state space Hg. We require one further assumption.
3.6. Assumption. We assume that hf} — hq in L*(Q, Fo,P; H).
Here is our result on the stability of Lévy term structure models.

3.7. Theorem. Suppose Assumptions 3.1, 8.2, 3.8, 3.4, 3.6 are fulfilled. Then, for
every T € Ry we have

E| sup [lri—r}|3] —0
te[0,T]

forn — oc.

Proof. Taking into account Theorem 2.1 and Proposition 3.5, the assertion follows
from Theorem B.4. O

4. REGULAR DEPENDENCE ON INITIAL DATA FOR LEVY TERM STRUCTURE
MODELS

In this section, we study regular dependence on initial data for Lévy term struc-
ture models and show, for a differentiable curve of initial data, convergence to the
first variation process.

As in the previous section, we suppose that Assumption 3.1 is fulfilled. In order
to derive the differentiability of the HJM drift term (3.2), we prepare some auxiliary
results.

For any normed space (X, || -||) we let Bx := {z € X : ||z|| < 1} be the closed
unit ball.

Let 0 < 8 < ' be arbitrary real numbers. We define Zh := fo. h(n)dn for all
h e HY,.

4.1. Lemma. For each h € Hg/ we have Zh € Hg and the map 1 : Hg/ — Hg is a
continuous linear operator with operator norm ||Z|| < ,/m.
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Proof. Let h € Hjj, be arbitrary. Then Zh is absolutely continuous. Since Zh(0) = 0,
using Holder’s inequality, we obtain

00 2
IZh| 1% :/ h(z)%e " da :/ (/ h'(y)eéﬁ,ye_éﬂ,ydy> P dx
R+ R+ x

o0 ’ o0 ’
< / </ B (y)%e” ydy) (/ e P ydy) e’ dx
Ry T x

1 / 1
<|h 2,/ —e B2y = — —_||n|%,
(12|75 o T ﬁ,(ﬂ,_ﬁ)ll I3
proving the desired statement. O

Hence, 7 : Hg, — Hp is Fréchet differentiable. For h € Hg, g € Hg we define
the multiplication m(h, g) := hg.

4.2. Lemma. For all h € Hg, g € Hg we have m(h,g) € Hg and the estimate

(4.1) lm(h, g)lls < VO +4C2|[Rlisllglls-

Moreover, the multiplication map m : Hg x Hg — Hg is Fréchet differentiable with
derivative

Dm(hl, hQ) [ (’Ul,’UQ) = h,l’l)g + h2’01.

Proof. The function hg is again absolutely continuous with lim, . h(z)g(z) = 0.
By estimate (2.1), we obtain

Im(h, 9)II5 = |1(0)[*|9(0)? +/ |h(x)g' (x) + g(a)h' ()P da

Ry

< e 191y + 2Nl i / 19/ (2) 2 da

Ry
42l [ W@
R4
< CHRIFNglIE + 207 [Rl13Ngl5 + 2C2lgl3 1Al < oo,
whence estimate (4.1) follows, which yields

H m((hl, hg) + 6(’[}17 ’()2)) - m(hl, hg)

— hiva — hovi|| = [levivz||

B

< VO +4C? [orlgllvz]|slel — 0
for € — 0 uniformly in (vi,v2) € Bu,xm,- O
Let O C Hp be the open set
O:={heHg:|hls <&}
By estimate (2.1) we have O C U, where U C Hg denotes the subset
U:={h € Hg:|hl|p~®,) <N}

4.3. Lemma. Let k € {1,...,e} be arbitrary. For each h € U we have ¥} (h) € Hj
and the map V), : O — Hg is Fréchet differentiable with derivative

DV (h) ev =V} (h)v.
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Proof. The map ¥/ (h) is again absolutely continuous, and, by (3.1), we have
NAGIFERNAUONE +/R W5 ()b ()| *e  dx
+
< WL (R(0))[* + K2||Alf < oo,

whence ¥/ (h) € Hg. For ¢ # 0 small enough we obtain, by (3.1) and (2.1),
U5 (h(0) + €v(0)) — W3, (R(0))

€

- W (©0)0(0)

= ‘ /01 (\Ilg(h(()) + sev(0))v(0) — q’g(h(o))v(O))ds

1
< / | Ksev(0)?]ds < K[[vl|7 g, lel < KC?[v][3el.
0

Thus, the latter term converges to zero for € — 0, uniformly in v € Bpy,. For € # 0
small enough we have, by Holder’s inequality,
2

[ [ (M D=0 0 v
(42) = /R % (/01 <\Ilg(h($c) + sev(z))v(x) — \I/Z(h(x))v(x))ds) 265%[:10

2
eP* dsdx

< [ ( (wrtne) + sevton - witoien) o)
< 2AC 124,

where we have set

A = /}R / [ (W2 (hta) + sev(@) () + sev! (@) = W () () ) o)
x e dsdx,
AS —/]R /0 ‘ \IJ" x) + sev(w ))—W%(h(az)))v’(w)’zemdsdx.
By (3.1) and (2.1) we get

Af < 2/]R / \I/'” ) + sev(x)) — \I/;c”(h(x)))h’(as)v(a?)‘2eﬂxdsdx

‘ 2

+2/ / | WY (h(x) + sev(x ))sev’(m)v(x)’Qeﬁxdsdx
Ry

< 2/ / | K sev(x)*h (z)|%e ﬂxdsdm—i—?/ / |Ksev' (z)v(x) 2’ dsdx
R4

< 2K%e 204”“”,3%”[3 +2K2€2C?||vl|

as well as
A§ < / / | K sev(x)v' (x)[>ePPdsdr < K?e 2C’2HU||4
Ry

Hence, the integral in (4.2) converges to zero for e — 0 uniformly in v € By,. O

Now let volatilities o7 : Hz — Hﬁ,7 j=1,...,d and §* : Hg — Hﬂ,7 k=1,...,e
be given.

4.4. Assumption. We assume that —IZ6%(Hg) C O, k=1,...,e
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Then we can define apyy according to HIM drift condition (3.2).

4.5. Assumption. We assume that o’(h), j = 1,...,d and 6%, k = 1,... e are
Fréchet differentiable.

4.6. Proposition. Suppose Assumptions 3.1, 4.4, 4.5 are fulfilled. Then we have
anm(Hg) C Hg and apym : Hg — Hg is Fréchet differentiable.
Proof. Using our previous notation, we can express the HIM drift term (3.2) as

d e
anm = y_mlo?,To7) =Y m(—6*, Wj(~T5")).
Jj=1 k=1
Noting that Hg, C Hg with isometric embedding by (2.2), we obtain the desired

result by using Lemmas 4.1, 4.2, 4.3 and the chain rule for Fréchet differentiable
maps. O

4.7. Assumption. We assume there exists a constant L > 0 such that (3.4), (3.5)
are satisfied for all hi,hy € Hg, and a constant M > 0 such that (3.8), (3.9) are
satisfied for all h € Hg.

4.8. Proposition. Suppose Assumptions 5.1, 4.4, 4.7 are fulfilled. Then, there ex-
ists a constant L > 0 such that (8.12) is satisfied for all hq,he € Hg.

Proof. The claim follows from [13, Cor. 5.1.2] and [14, Prop. 4.5]. O

4.9. Remark. Note that Assumption 4.4 follows from Assumption 4.7, if we replace
(3.9) by the stronger condition

||5k(h)Hﬂ/ < Vﬂ/(ﬂlfﬂ)%7 kil,...,e
for all h € Hg. This follows from Lemma 4.1.

Motivated by ideas from convenient analysis, see [22], we fix a differentiable curve
of initial data € — c(€) € L*(Q, Fo,P; Hg) with ¢(0) = hg and ¢/(0) = w. Let (r¢)s>0
be the mild solution for (3.14) on the state space Hg. For € # 0 let (Af);>¢ be the
mild solution for

dA; _ (%A; + OCHJM(Ttﬁ*EAE)faH‘]M(’I‘t))dt+ 2521 gj(rt+6A€;)—g.7(rt)de
e Jk(m,JreAf_)f&k(rt,)
+Zk:1 € de
Ay = C(E);C(O)’

Moreover, let the first variation process ((J(r) ® w););>o in direction w be the mild
solution for
d(J(ryew), = (&(J(r)e w)t + Dapym(re) o (J(r) e w),)dt
+ Z?:l Do (ry) e (J(r) @ w) dW
+ > D& (ri—) o (J(r) e w);—d X[

w.

(J(r) e w)o

Here is our result on the regular dependence on initial data for Lévy term structure
models.

4.10. Theorem. Suppose Assumptions 3.1, 4.4, 4.5, 4.7 are fulfilled. Then, for
every T' € Ry we have

E| sup [[(J(r)ew), = Afl5]| =0
t€[0,T]



STABILITY RESULTS FOR LEVY TERM STRUCTURE MODELS 9

for e — 0. Moreover, the map w — J(r) e w is linear and continuously depending
on w in the sense that for every T € Ry we have

E| sup [[(J(r) ewn), — (J(r) ew) 3| — 0
te[0,7]

for variation of the initial value w, — w € L*(Q, Fo,P; Hg).

Proof. Taking into account Theorem 2.1 and Propositions 4.6, 4.8, the assertion
follows from Theorem C.5. O

APPENDIX A. STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS DRIVEN BY
LEVY PROCESSES

For convenience of the reader, we provide the crucial results on stochastic partial
differential equations (SPDEs) driven by Lévy processes in this appendix.

This section contains the general framework. Appendices B, C are devoted to
stability and regular dependence on initial data for stochastic partial differential
equations.

Recently, a new approach to stochastic partial differential equations, called the
method of the moving frame, was suggested in [15], which allows to reduce a wide
class of SPDE problems to SDEs. In what follows, we will refer to the results of
this paper. Other reference on stochastic partial differential equations, which also
contain regularity results, are [1] and [24]. We remark that the just cited references
[15, 1, 24] consider the more general situation, where the SPDE is driven a (possibly
infinite dimensional) Wiener process and a compensated Poisson random measure.
We also mention the textbooks [5, 26] for SPDEs driven by Wiener processes resp.
Lévy processes.

Let H denote a separable Hilbert space with inner product (-, -) and associated
norm || - ||.

Furthermore, let (S;)¢>0 be a Cp-semigroup on H with infinitesimal generator
A :D(A) C H— H. We denote by A* : D(A*) C H — H the adjoint operator
of A. Recall that the domains D(A) and D(A*) are dense in H, see, e.g., [31, Satz
VIL.4.6, p. 351].

Let (0, F, (Ft)t>0,P) be a filtered probability space satisfying the usual condi-
tions. We denote by X!, ..., X? real-valued, square-integrable, independent Lévy
processes, where d € N is a positive integer.

We shall now focus on (semi-linear) stochastic partial differential equations

(A1) dry = (Ary+ a(ry))dt + E?zl ol (ry_)dX7]
ro = ho

on the separable Hilbert space H with coefficients o : H — H and o/ : H — H,
7 =1,...,d. The initial condition is an Fy-measurable random variable hg : 2 — H.

A.1l. Definition. An adapted, cadlag H-valued process (r¢)i>0 is called a strong
solution for (A.1) with ro = ho if we have r, € D(A), t > 0, the relation

o[ t (147, +atrl S o () s < o0) =1

j=1
for allt € Ry, and

t d  pt
ry = hg —|—/ (Ars + a(rs))ds + Z/ od(re_)dXi, t>0.
0 i=iJo
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A.2. Definition. An adapted, cadlag H-valued process (ri)i>o is called a weak
solution for (A.1) with ro = hg if

(A2) o[ (lat oy Jo? ()P )ds < o) =1

j=1
forallt € Ry, and for all ( € D(A*) we have

t d t ) )
<C,7‘t>=<C7ho>+/o(<A*C,rs>+<Cya(rs)>)ds+2/0 (¢, 07 (rs-))dX{, t>0.

A 3. Definition. An adapted, cadlag H-valued process (r¢)¢>o is called ¢ mild so-
lution for (A.1) with ro = hq if we have (A.2) for allt € Ry, and

t d t
re = Siho —|—/ Si_sa(rs)ds + Z/ Si_s0 (re_)dX?, t>0.
0 — Jo

By convention, uniqueness of solutions for (A.1) is meant up to indistinguisha-
bility, that is, for two solutions r*, r? we have P(ier, {rt=r}) =1

For our subsequent investigations, we will impose the following assumption,
which allows to apply the method of the moving frame from [15].

A.4. Assumption. There exist another separable Hilbert space H, a Cy-group
(Ut)ter on H and continuous linear operators £ € L(H,H), m € L(H,H) such
that the diagram

H Y, Ky

[
H > H
commutes for every t € Ry, that is

wUlh = S¢h for allt € Ry and h € H.
Assumption A4 is, according to [15, Prop. 8.5], in particular fulfilled if the
semigroup (S;)¢>o is pseudo-contractive, that is there exists w € R such that
S]] < e*, t>0.

The proof of the preceding statement relies on the Skékefalvi-Nagy theorem on
unitary dilations (see e.g. [30, Thm. 1.8.1], or [6, Sec. 7.2]). The idea to use the
Skokefalvi-Nagy theorem on unitary dilations in order to overcome the difficulties
arising from stochastic convolutions, which occur when dealing with mild solutions,
is due to E. Hausenblas and J. Seidler, see [18] and [17].

APPENDIX B. STABILITY OF STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS
DRIVEN BY LEVY PROCESSES

In this section, we provide the required stability result.

B.1. Assumption. We assume there exists a constant L > 0 such that

(B.1) la(h1) — a(he)]| < Lih1 — hell

(B.2) o7 (h1) = 07 (ha)|| < Lllby = hall, j=1,....d

(B.3) l[an(h1) — an(he)|| < Ll|h1 — hof, n €N

(B.4) lod (1) — o7 (ha)|| < LAy — hall, j=1,...,d andn € N

for all hy,hs € H.
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Let ho € L?(Q, Fo,P; H) and for each n € N let hj} € L?(Q, Fo,P; H) be initial
values. Then, there exists a unique cadlag, adapted, mean square continuous mild
and weak solution (r;);>¢ for (A.1), and for each n € N there exists a unique cadlag,
adapted, mean square continuous mild and weak solution (r});>o for

{ dry = (Arf + a,(r}))dt + Z?zl ol (r1 )dX]
o = hg,

see [15, Cor. 10.6].

B.2. Assumption. We assume that for all h € Hg we have a,(h) — a(h) and

ol (h) — ai(h), j =1,...,d. Furthermore, we assume that hjj — hg in L?(Q2, Fo,P; H).

B.3. Lemma. Suppose Assumptions B.1, B.2 are fulfilled. Let (r¢);>0 be a pre-
dictable, mean square continuous H-valued process. Then, for each T € R; we
have

d

E[ / "ot - an<n>|2dt] ¥ ZE[ / "9 (r) — od ) Pdt] — 0

j=1
asn — oo.
Proof. By Assumption B.1, for all h € H we have
(W)l < fle(h) = a(0)]] + [ (O) ]| < LIA]l + [[e(0) I,
llem ()| < [lac(h) = a(0)]| + [|O)|| < LIAll + lan(0)]], n €N
Since ay, (0) — «(0), there exists a constant K > 0 such that
la(h) = an(R)|| < K(1+[|Al}), neN

for all h € H. We obtain analogous statements for 07, j = 1,...,d. By the mean
square continuity of (r;);>¢ and Lebesgue’s theorem, the claim follows. O

B.4. Theorem. Suppose Assumptions A.4, B.1, B.2 are fulfilled. Then, for every
T € Ry we have

E| sup [ry—rP?| —0
t€[0,T]
forn — oc.

Proof. Taking into account Lemma B.3 and the mean square continuity of the
solution process (1;);>¢ for (A.1), the claim follows from [15, Prop. 9.1]. O

APPENDIX C. REGULAR DEPENDENCE ON INITIAL DATA FOR STOCHASTIC
PARTIAL DIFFERENTIAL EQUATIONS DRIVEN BY LEVY PROCESSES

In this section, we provide the required regularity result.

C.1. Assumption. We assume there exists a constant L > 0 such that (B.1), (B.2)
are satisfied for all hy,hy € H.

C.2. Assumption. We assume that o and 07, j = 1,...,d are Gateauz differen-
tiable.

C.3. Lemma. Suppose Assumptions C.1, C.2 are fulfilled. Let h € H and € # 0 be
arbitrary. Then we have
alh+evi) —a(h)  alh+evz) —

€ €

alh) H < Lijor  vall,

o/ (h + evy) — a’(h) B dl(h+evy) — 0o
€ €

i(h .
( )H§L|vlvg, ji=1,...
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for all vi,vo € H. Moreover, we have

[Da(h)|| < L,

|Do?(R)| <L, j=1,...,d
forallh € H.

Proof. The claim follows directly by inspection. O

C.4. Lemma. Suppose Assumptions C.1, C.2 are fulfilled. Let (r1)i>0 and (v¢)i>o0
be predictable, mean square continuous processes. Then, for each T € Ry we have

|
f

for e — 0.

a(ry + evy) — af(ry)
ol (ry + evy) — o9 (1)

€

2
dt} — 0,

— Da(r) e vy

2
—DO’j(Tt).’Ut dt:|—>0, ]:1,761

Proof. By virtue of Lemma C.3, we can argue as in the proof of Lemma B.3. O

Motivated by ideas from convenient analysis, see [22], we fix a differentiable curve
of initial data € — c(e) € L?(2, Fo,P; H) with ¢(0) = hg and ¢/(0) = w. Let (r¢)i>0
be the mild solution for (A.1). For € # 0 let (Af);>0 be the mild solution for

dAg _ (AAZ: + a(rﬁ»eAj)fa(rt))dt + 25:1 O-J(Tt,-‘reAi;)—gJ(Tt—)ng

C.1
( ) AB _ cle)=c(0)

€

Moreover, let the first variation process ((J(r) ® w)¢)¢>o in direction w be the mild
solution for

d(J(r)ew); = (A(Jd(r) o w)t + Da(ry) o (J(r) e w)e)dt
(C.2) + 3521 Dol (re-) @ (J(r) e w),—d X
(J(r)ew)y = w.

Remark that the stochastic partial differential equations (C.1), (C.2) are no longer
of the Markovian type (A.1). The claimed existence and uniqueness result for these
equations follows from [15, Thm. 8.6] by taking into account Lemma C.3.

C.5. Theorem. Suppose Assumptions A.4, C.1, C.2 are fulfilled. Then, for every
T € Ry we have

| sup 100) 0w, - A2] 0
t€[0,T]

for € — 0. Moreover, the map w +— J(r) e w is linear and continuously depending
on w in the sense that for every T € Ry we have

E[ sup () ® wn), — (J(r) ® m,ﬂ 0
te[0,7)

for variation of the initial value w,, — w € L*(Q, Fo,P; H).

Proof. By virtue of Lemma C.4, we can apply [15, Prop. 6.2], whence the claimed
result holds true for stochastic differential equations. Using the method of the mov-
ing frame, we can transfer the regularity result to stochastic partial differential
equations as in [15, Sec. 9]. O
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