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A CHARACTERIZATION OF THE MARTINGALE PROPERTY OF
EXPONENTIALLY AFFINE PROCESSES

EBERHARD MAYERHOFER, JOHANNES MUHLE-KARBE,
AND ALEXANDER G. SMIRNOV

ABsTRACT. We consider local martingales of exponential form M = e* or £(X)
where X denotes one component of a multivariate affine process in the sense of
Duffie, Filipovi¢ and Schachermayer [8]. By completing the characterization of
conservative affine processes in [8, Chapter 9], we provide deterministic neces-
sary and sufficient conditions in terms of the parameters of X for M to be a true
martingale.

1. INTRODUCTION

A classical question in probability theory comprises the following. Suppose the
ordinary resp. stochastic exponential M = exp(X) resp. &(X) of some process X is
a positive local martingale and hence a supermartingale. Then under what (if any)
additional assumptions is it in fact a true martingale?

This seemingly technical question is of considerable interest in diverse applica-
tions, for example absolute continuity of distributions of stochastic processes (cf.
e.g. [3] and the references therein), absence of arbitrage in financial models (cf.
e.g. [6]) or verification of optimality in stochastic control (cf. e.g. [9]).

In a general semimartingale setting it has been shown in [11] that any super-
martingale M is a martingale if and only if it is non-explosive under the associated
Follmer measure. However, this general result is hard to apply in concrete mod-
els, since it is expressed in purely probabilistic terms. Consequently, there has
been extensive research focused on exploiting the link between martingales and
non-explosion in various more specific settings, see e.g. [24]. In particular, deter-
ministic necessary and sufficient conditions for the martingale property of M have
been obtained if X is a one-dimensional diffusion (cf. e.g. [7, 2] and the references
therein).

For processes with jumps, the literature is more limited and mostly focused on
sufficient criteria as in e.g. [20, 16, 21, 15]. By the independence of increments and
the Lévy-Khintchine formula, no extra assumptions are needed for M to be a true
martingale if X is a Lévy process. For the more general class of affine processes
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characterized in [8] the situation becomes more involved. While no additional
conditions are needed for continuous affine processes, this no longer remains true
in the presence of jumps (cf. [15, Example 3.9]). In this situation a necessary and
sufficient condition for one-factor models has been established in [18, Theorem
2.5], whereas easy-to-check sufficient conditions for the general case are provided
in [15, Theorem 3.1].

In the present study, we complement these results by sharpening [15, Theorem
3.1] in order to provide deterministic necessary and sufficient conditions for the
martingale property of M = &(X?) resp. exp(X’) in the case where X' is one com-
ponent of a general non-explosive affine process X. As in [18, 15] these conditions
are expressed in terms of the admissible parameters which characterize the distri-
bution of X (cf. [8]).

Since we also use the linkage to non-explosion, we first complete the charac-
terization of conservative, i.e. non-explosive, affine processes from [8, Chapter 9].
Generalizing the arguments from [15], we then establish that M is a true martingale
if and only if it is a local martingale and a related affine process is conservative.
Combined with the characterization of local martingales in terms of semimartin-
gale characteristics [14, Lemma 3.1] this then yields necessary and sufficient con-
ditions for the martingale property of M.

The article is organized as follows. In Section 2, we recall terminology and
results on affine Markov processes from [8]. Afterwards, we characterize conser-
vative affine processes. Subsequently, in Section 4, this characterization is used to
provide necessary and sufficient conditions for the martingale property of exponen-
tially affine processes. Appendix A develops ODE comparison results in a general
non-Lipschitz setting that are used to establish the results in Section 3, whereas
Appendix B contains a simple consequence of stochastic continuity that is used
repeatedly in the proofs of Section 4.

2. AFFINE PROCESSES

For stochastic background and terminology, we refer to [13, 22]. We work in
the setup of [8], that is we consider a time-homogeneous Markov process with state
space D := R X R", where m,n > 0and d = m + n > 1. We write p,(x, d¢) for its
transition function and let (X, P,)),cp denote its realization on the canonical filtered
space (Q, % 0 (ﬁto)te&) of paths w : Ry — D, (the one-point-compactification of
D). For every x € D, P, is a probability measure on (Q, .% 0y such that P,(Xo =
x) = 1 and the Markov property holds, i.e.

E (f(Xi5)lF0)

fD F(&ps(X,, d&)
Ex,(f(Xs)), Py—as. Vit s,€eR,,

for all bounded Borel-measurable functions f : D — C. The Markov process
(X, Py)rep is called conservative if p,(x, D) = 1, stochastically continuous if we
have py(x, ) — p(x,-) weakly on D, for s — ¢, for every (¢, x) € Ry X D, and affine



if, for every (t,u) € R, x iR, the characteristic function of p;(x, -) is of the form
f O pi(x, dé) = exp Wo(t,u) + Wit u), X)), VxeD, @.1)
D

for some Yo(t,u) € C and Y(t,u) = (Y 1(t,u), ..., ¥t u)) € C4, For every stochas-
tically continuous affine process, the mappings (¢, u) — o(t, u) and (¢, u) — ¥(t, u)
can be characterized in terms of the following quantities:

Definition 2.1. Denote by h = (hi, . .., hy) the truncation function on R? defined
by

0, j =0,
(&) = { v

(1A |§k|)%, otherwise.

Parameters (a,B,7, k) are called admissible, if

o a = (agy,ay,...,aq) with symmetric positive semi-definite d X d-matrices
ajsuchthata/j:Ofoerm+lando/]‘.l:OforOSjSm, 1<kl<m
unless k =1 = j;

® Kk = (Ko,K1,...,kq) where k; is a Borel measure on D\{0} such that k; = 0
for j>=m+1aswell as fD\{O} ||h(§)||21<j(d§) <oofor0< j<mand

f h(E)kj(dé) <00, 0<j<m, 1<k<m, k#j;
D\{0}

e B=B0.B1,--..Ba) with B; € Rdsuchthatﬁ’]‘. =0forj>m+1,1<k<m
and

B+ (@ki(dé) =0, 0<j<m, 1<k<m, k+j
7 Ipvoy

® v =00,Y1,---,Ya), where y; € Ry andy; =0 for j=m+1,...,d

Affine Markov processes and admissible parameters are related as follows (cf.
[8, Theorem 2.7] and [19, Theorem 5.1]):

Theorem 2.2. Let (X,P,).ep be a stochastically continuous affine process. Then
there exist admissible parameters (a, 8, Y, k) such that yy(t, u) and Y(t, u) are given
as solutions to the generalized Riccati equations

Ot u) = RW(t,w),  w(0,u) =u, 22)
atl//()(t’ l/t) = RO(W(I’ l/t)), WO(O, l/t) = O’ (23)
where R = (Ry,...,Ry) and for 0 < i <d,
Ri(u) := %«m, ) + (B, ) = ¥i + f (€9 = 1= (u, h(®)) ki(dé).  (2.4)
D\{0}

Conversely, for any set (a,,v, k) of admissible parameters there exists a unique
stochastically continuous affine process such that (2.1) holds for all (t, u) € R, xiR?
where g and  are given by (2.3) and (2.2).
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Since any stochastically continuous affine process (X, Py)ep is a Feller process
(cf. [8, Theorem 2.7]), it admits a cadlag modification and hence can be realized
on the space of cadlag paths w : Ry — Da. If (X,Py).ep is also conservative
it actually turns out to be a semimartingale in the usual sense and hence can be
realized on the Skorokhod space (D¢, 24, (-@td)teR+) of D- rather than Da-valued
cadlag paths endowed with its natural filtration (cf. [13, Chapter VI]). In this case,
the semimartingale characteristics of (X, P,).ep are given in terms of the admissible
parameters:

Theorem 2.3. Let (X,P,)ep be a conservative, stochastically continuous affine
process and (a, 3,7y, k) the related admissible parameters. Then vy = 0 and for
any x € D, X is a semimartingale on D4, 24, (@fl),eR+,Px) with characteristics
(B, C,v) given by

t d )
&:‘[%+Zmﬁd& (2.5)
0 o
t d )
C = f [a0+za,-x§_ ds, (2.6)
0 =
d .
VW%):“%HZHW%%L Q.7)
j=1

relative to the truncation function h. Conversely, let X" be a D-valued semimartin-
gale defined on some filtered probability space (', F',(F/),P’). If P'(X{) = x) =
1 and X' admits characteristics of the form (2.5)-(2.7) with X_ replaced by X',
then P’ o X'~! = P,.

Proof. ¥ = 0 is shown in [8, Proposition 9.1]. The remaining assertions follow
from [8, Theorem 2.12], since Stricker’s theorem and [12, Proposition 1.1] show
that X is a semimartingale with characteristics (B, C, v) relative to the uncompleted
filtration (@f),€R+. O

Note that X is a Markov process relative to the filtration (@td),e]& by [22, Propo-
sition 2.14].

3. CONSERVATIVE AFFINE PROCESSES

In view of Theorem 2.3, the powerful toolbox of semimartingale calculus is
made available, provided that the Markov process (X, P,).ep under consideration
is conservative. Hence is desirable to characterize this property in terms of the pa-
rameters of X. This is done in the present section. The main statement is Theorem
3.3, which completes the discussion of conservativeness in [8, Chapter 9].

Let us first introduce some definitions and notation. The partial order on R™
induced by the natural cone R7 is denoted by =. That is, x = 0 if and only if
x; <0fori=1,...,m. Afunction g : D, — R™ is quasimonotone increasing on
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D, c R™ (gmi in short, for a general definition see section A) if and only if for all

x,y € Dgandi = 1,...,m the following implication holds true:

X2y, xi=y) = &) < g
In the sequel we write R__ := (—00,0) and C__ := {c € C | Re(c) € R__}.
Moreover, we introduce the index set 7 := {1,...,m} and, accordingly, define by

uy the projection of the d—dimensional vector u onto the first m coordinates.
For the statements in this section, we rely on abstract properties of the involved
generalized Riccati differential equations as summarized in the following

Lemma 3.1. The affine transform formula (2.1) also holds for u = (uz,0) € RZ.
More specifically, there exist jointly continuous mappings yo(t, (ur,0)) : Ry X
R"™ —» R_and ¥ r(t,(ur,0)) : Ry X R" — R™ satisfying
Apo(t, (ur, 0)) = Ro( (1, (ur, 0))), Y0(0, (ur, 0)) =0, (3.1
Ort, (v,0)) = Rr((Wr(t, (ur,0)),0), ¢7(0,(ur,0) =uy, (3.2)
where Ry, Ry are continuous functions on R” such that Ry(0) < 0, R7(0) = 0 and
where Rr((uy,0)) is locally Lipschitz on R"_ and gmi on R™.
Moreover, Yz(t, (ur,0)) restricts to a R™_-valued global solution w}(z, (ur,0))
of B2)on Ry xR™_.

Proof. By [19] a stochastically continuous affine processes is regular in the sense
of [8]. Hence, the first statement is a consequence of [8, Proposition 6.4]. The
regularity of Ry and Ry follows from [8, Lemma 5.3 (i) and (ii)]. Equation (2.4)
shows Ryp(0) < 0 and R7(0) £ 0. The map v — Rz((v,0)) is qmi on R” by [17,
Lemma 4.6], whereas the last assertion is stated in [8, Proposition 6.1]. O

In a first step, we establish the minimality of ¢ 7 (¢, (uy, 0)) among all solutions
of (3.2) with respect to the partial order =.

Proposition 3.2. Let T > 0 and uy € R™. If g(¢) : [0,T) — R™ is a solution of

0:8(1) = Ry(g(1),0), g(0) = uy, (3.3)
then g(t) =z Yz(t, (us,0)), forallt < T.

Proof. The properties of Ry established in Lemma 3.1 allow this conclusion by a
use of Corollary A.3: For an application of the latter, we make the obvious choices
f =Rz, Dy = R”. Then we know that for 5 € R”_ we have g(7) > ¢5(t, (uz,0)),
for all # < T. Now letting u; — uy and using the continuity of ¢ as asserted in
Lemma 3.1 yields the assertion. O

We now state the main result of this section. The implication (i) = (ii) completes
the characterization of conservative affine processes in [8, Proposition 9.1].
Theorem 3.3. The following statements are equivalent:

(1) (X,Py)ep is conservative,
(i1) Ro(0) = 0 and there exists no non-trivial R™-valued local solution g(t) of
(3.3) with g(0) = 0.

Moreover, each of these statements implies that R(0) = 0.
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Proof. (1)=(ii): By definition, X is conservative if and only if for all # > 0 and
x € D we have
1 = pi(x,D) = PO+ 0),x) eWo(f,0)+(WJ(l,0),X[>,

because (¢, (ur,0)) =0, fori = m+ 1,...,d. This in turn is equivalent to
Yo(t,0) =0and yr(t,0) =0 Vr=0. (3.4

Now assume, by contradiction, that for some 7 > 0 there exists a R”-valued

solution g # 0 of (3.3) on [0, T) such that g(0) = 0. By Proposition 3.2, we have
Yr(t,0) £ g() fort < T, hence for some ty € (0,7) and some i € 1, ¥;(ty,0) <
gi(to) < 0, but this violates (3.4). Or assume that Ry(0) # 0. This implies Ry(0) < 0.
But then for all ¢ > 0, ¥o(2,0) < Rp(0)¢t < 0, which again violates (3.4). Hence
statement (ii) holds.
(i1) =(i): Assume, by contradiction, that for some fy > 0 and x € D, p,,(x,D) # 1.
Then (3.4) implies that either 7 (#,0) # 0 or ¥o(ty,0) # 0. In the first case,
Lemma 3.1 yields that ¥ 7(¢,0) is a non-trivial R”-valued solution of (3.3) with
initial data g(0) = 0, which contradicts the second part of statement (ii). Assume
now, by contradiction, ¥o(#y,0) < 0, but ¥ 7(-,0) = 0 on R;. Then we obtain
Ro(0)tg = ¥o(ty, 0) < 0, which contradicts Ry(0) = 0.

Finally, we show that each of the equivalent statements implies R(0) = 0. Sup-
pose, by contradiction, that R(0) # 0. Since R;(0) = O fori =m+1,...,d, there
existe > 0 and i € 7 such that R;(0) < —& < 0. Let now u,, € R”_ such that u, — 0
as n — oo. In view of the continuity of R and 7, dominated convergence yields

!
Yi(t,0) = lim ¥;(t, (u,,0)) = lim f Ri(Wz(s, (u,,0)ds = R;(0)t < —et,
n—o0 n—o0o 0
which is impossible due to (3.4). O

Remark 3.4. (1) By Definition 2.1, Ryp(0) = 0, R(0) = 0 is equivalent to
vy = 0. This means that the infinitesimal generator of the associated
Markovian semi-group has zero potential, see [8, Equation (2.12)]. If
an affine process with y = 0 fails to be conservative, then it must have
state-dependent jumps.

(i) The comparison results established in Appendix A are the major tool for
proving Proposition 3.2. They are quite general and therefore allow for
a similar characterization of conservativeness of affine processes on geo-
metrically more involved state-spaces (as long as they are proper closed
convex cones). In particular, such a characterization can be derived for
affine processes on the cone of symmetric positive semidefinite matrices
of arbitrary dimension, see also [5, Remark 2.5].

(iii)) Conservativeness of (X, P,).ep and uniqueness for solutions of the ODE
(3.3) can be ensured by requiring

| (aineP)s@e <o, 1<kj<m (3.5)
D\{0}

as in [8, Lemma 9.2], which implies that Rz (-, 0) is locally Lipschitz con-
tinuous on R”.
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(iv) If m = 1, conservativeness corresponds to uniqueness of a one dimen-
sional ODE and can be characterized more explicitly: [8, Corollary 2.9],
[10, Theorem 4.11] and Theorem 3.3 yield that (X, Py),ep is conservative
if and only if either (3.5) holds or

1
——du; = —o0, 3.6
jo‘ Ri(u,0) 5-6)

where fo— denotes an integral over an arbitrarily small left neighborhood
of 0.

4. EXPONENTIALLY AFFINE MARTINGALES

We now turn to the characterization of exponentially affine martingales. Hence-
forth, let (X,P,)ep be the canonical realization on (D9, 29, (@;’),e]& of a con-
servative, stochastically continuous affine process with corresponding admissible
parameters (a, 8, 0, k). Our first lemma shows that the local martingale property of
stochastic exponentials of components of X can be read directly from the corre-
sponding parameters.

Lemma 4.1. Leti € {1,...,d}. Then &X') is a local Py-martingale for all x € D
if and only if

f Gl (dE) < oo, 0<j<d, @.1)
{I&i1>1}

and

g+ [ @-mema =0 0<js<d (42)
D\{0}

Proof. «<: Fix x € D. The predictable, locally bounded process X_ is almost
surely bounded on [0, 7]. Hence it follows from Theorem 2.3 and [14, Lemma
3.1] that X is a local P,-martingale. Since &(X’) = 1 + &(X’)_ » X' by definition
of the stochastic exponential, the assertion now follows from [13, 1.4.34], because
&(X")_ is locally bounded. .

=: Ask;=0forj=m+1,....d and X7 is nonnegative for j = 1,...,m, [14,
Lemma 3.1] and Theorem 2.3 yield that f“ £ 1) |€ilko(dé) < o0 and

f ilk(dE)X! < 00, 1< j<m, (4.3)
{I&i1>1}

up to a dP, ® dt-null set on Q X R, for any x € D. Letk € {1,...,d} and denote
by ex the k-th unit vector. By Lemma B.1, there exists # > 0 such that % >
P, (XK - 1] > 1) > B, (X* < 1) and hence P, (X* > 1) > 1 forall 1 < 4.
Consequently it follows from (4.3) that f{l 1) |€ilkr(d€) < oo as claimed. We now

turn to (4.2), which is well-defined by (4.1). Set

B =B+ f (& = hi©))jdé), 0<j<d.
D\{0}
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Again by [14, Lemma 3.1] and Theorem 2.3, we have
— d —~ ;
Bi + Z Bix! =0, 4.4)
j=1

up to a dP, ® dt-null set on Q X R, for all x € D. Suppose IE‘(')I > 0. Then by
(4.4) we have Z?zl |,§’J| > 0. Lemma B.1 shows that there exists #y > 0 such that

Po(lIX;-Il > [B)l/(2 3%, IBYD) < % and therefore
. d ~'
Po(|,86+2/3‘ |>0)>P0[[BO+Z,B 2]

j=1

> Py [llX,_ll ) > =
) tO
fo f L@ +se ixpo@F0d 2 5

which contradicts (4.4). Thus ,56 = 0. Now suppose |,§;{| > 0 for some k €
{1 ,d}. By Lemma B.1 there is # > 0 with B, ([IX,- — exl| < [L1/(4 P LB';D) >

5. Therefore

d
M%+Zﬁ hm>m[2 waﬂ

j=1

1] 1
> P, [HXt— —erll < d—kﬂ' 5
430 B

for all ¢ < . Hence

v

for all ¢t < #, which yields a contradiction to (4.4) as above. Hence E}( = 0 and we
are done. O

The nonnegativity of &(X’) can also be characterized completely in terms of the
parameters of X.

Lemma 4.2. Leti € {1,...,d}). Then &(X') is P,-a.s. nonnegative for all x € D if
and only if
ki{éeD: &< -1 =0, 0<j<m. 4.5)

Proof. Fix x € Dand let T > 0. By [13, 1.4.61], &(XY) is Py-as. nonnegative on
[0, 7] if and only if P,(d7 € [0,T] : AX; < —1) = 0. By [13, II.1.8] and Theorem



2.3 this in turn is equivalent to

0=E, [Z 1<_m,_1><AX;'>]
t<T
= B (1o (&) #1}) (4.6)
=By (Lcoo—1)(&) * vr)

m T )
=Tk eD: &< -1+ ) kl€eD: &< —1})f E.(X] ).
=1 0

&: Apparently, (4.5) implies that (4.6) hold for every T, which yields the assertion.
=: Since X/ is nonnegative for j = 1,...,m, (4.6) implies that kg({€ € D : & <
—1}) = O0and «;({¢ € D : & < -1}) fOTEx(X,]_)dt = Oforall x € D. For j €
{1,...,m} it follows from Lemma B.1 that there exists z; > 0 such that ]Pej(lth_l >

%) > Lforalls < t; and hence fOT Eej(th_)dt > #. Consequently, «;({£ € D :
&<-1h=0. O

Every positive local martingale of the form M = &(X') is a true martingale for
processes X' with independent increments by [15, Proposition 3.12]. In general,
this does not hold true for affine processes as exemplified by [15, Example 3.11],
where the following necessary condition is violated.

Lemma 4.3. Leti € {1,...,d} such that M = &(X") is Py-a.s. nonnegative for all
x € D. If M is a local Py-martingale for all x € D, the parameters (a*,8*, 0, k*)
given by

a;‘ =aj, 0<j<m, 4.7)
ﬁ; =g+ CK} + fD\{O}(fih(f))Kj(df), 0<j<d, (4.8)
KT(df) = (1 +&)kj(dé), 0<j<d, 4.9)

are admissible. If M is a true P-martingale for all x € D, the corresponding affine
process (X, P¥)yep is conservative.

Proof. The first part of the assertion follows from Lemmas 4.1 and 4.2 as in the
proof of [15, Lemma 3.5]. Let M be a true martingale for all x € D. Then for

loc
every x € D, e.g. [4] shows that there exists a probability measure PY < P, on

(D4, 24, (@td )) with density process M. Then the Girsanov-Jacod-Memin theorem
asin [14, Lemma 5.1] yields that X admits affine IP’Q/[ -characteristics as in (2.5)-(2.7)
with (a, 3,0, k) replaced by (a*,8*,0,*). Since P¥|4 = P,|g, implies PX (X, =
x) = 1, we have P¥ = P* by Theorem 2.3 . In particular, the transition function
pr(x,dé) of (X, P¥),ep satisfies 1 = PM(X, € D) = P¥(X, € D) = p¥(x, D), which
completes the proof. O

If M = &£(X?) is only a local martingale, the affine process (X, P¥)xep does not
necessarily have to be conservative (see [15, Example 3.11]). A careful inspection
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of the proof of [15, Theorem 3.1] reveals that conservativeness of (X, P}).ep is
also a sufficient condition for M to be a martingale. Combined with Lemma 4.1
and Theorem 3.3 this in turn allows us to provide the following deterministic nec-
essary and sufficient conditions for the martingale property of M in terms of the
parameters of X.

Theorem 4.4. Let i € {1,...,d} such that &(X") is Py-a.s. nonnegative for all
x € D. Then we have equivalence between:
() &(X') is a true Py-martingale for all x € D.

(i) &X' is a local Py-martingale for all x € D and the affine process corre-
sponding to the admissible parameters (a*, B*,0, k*) given by (4.7)-(4.9)
is conservative.

>iii) (4.1) and (4.2) hold and g = 0 is the only R”-valued local solution of

9,8(1) = R7(g(1),0), g(0)=0, (4.10)
where R* is given by (2.4) with (a*,8*, 0, k*) instead of (a, 3,7, k).

Proof. (i) = (ii): This is shown in Lemma 4.3.

(i1) = (iii): This follows from Lemma 4.1 and Theorem 3.3.

(iii)) = (i): By (4.1), (4.2) and Lemma 4.2, Assumptions 1-3 of [15, Theorem 3.1]
are satisfied. Since we consider time-homogeneous parameters here, Condition 4
of [15, Theorem 3.1] also follows immediately from (4.1). The final Condition 5 of
[15, Theorem 3.1] is only needed in [15, Lemma 3.5] to ensure that a semimartin-
gale with affine characteristics relative to (a*,8*, 0, k*) exists. In view of the first
part of Lemma 4.3, Theorem 3.3 and Theorem 2.3 it can therefore be replaced
by requiring that O is the unique R”-valued solution to (4.10). The proof of [15,
Theorem 3.1] can then be carried through unchanged. O

Remark 4.5. _ (1) In view Qf [15, Lemma 2.7], M = exp(X’) can be writ-
tenas M = exp(X("))éa (X% for the d + 1-th component of the R x R
valued affine process (X, XY corresponding to the admissible parameters

(@, 8,0,%) given by (@gs1.Bas1.%as1) = (0,0,0) and

@) i
@;, B, ,(G)) —(( i u), d+1) f lg(, € —l)Kj(df))
j D\{0}

J
forGe %!, j=0,...,d, and

Bt =B+ a '+ fD . (hi(e5 = 1) = hi(&))kj(dE).

This allows to apply Theorem 4.4 in this situation as well.

(ii) Conservativeness of (X, P¥)ep and uniqueness for solutions of ODE (3.3)
can be ensured by requiring the moment condition (3.5) for K . The im-
plication (iii) = (i) in Theorem 4.4 therefore leads to the easy -to-check
sufficient criterion [15, Corollary 3.9] for the martingale property of M.

(iii) By Remark 3.4 (iv) we know that in the case m = 1, (X, P¥)rep is conser-
vative if and only if either (3.5) holds for K;‘ or equation (3.6) holds for RI‘.
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Together with Remark (i), this leads to the necessary and sufﬁci_ent condi-
tion for the martingale property of ordinary exponentials exp(X") obtained
in [18, Theorem 2.5].

APPENDIX A. ODE COMPARISON RESULTS IN NON-LIPSCHITZ SETTING

Let C be a closed convex proper cone with nonempty interior C° in a normed
vector space (E, || ||). The partial order induced by C is denoted by =. For x,y € E,
we write x < yif y —x € C°. We denote by C* the dual cone of C. Let D, be a set
in E. A function g: D, — E is called quasimonotone increasing, in short gmi, if
forall/ € C*,and x,y € D,

(x 2y, 1(x) =1(y) = ((g(x) < I(g()).

The next lemma is a special case of Volkmann’s result [23, Satz 1].

Lemma A.l. Let0 <T < oo, Dy CE, and f: [0,T)x Dy — E be such that f(t,-)
is gmi on D for allt € [0,T). Let {,n : [0,T) — Dy be curves that are continuous
on [0, T) and differentiable on (0, T). Suppose £(0) > n(0) and {(t) — f(t, (1)) >
n) — f(t,n@) forallt € (0,T). Then {(t) > n(t) forall t € [0, T).

A function g : [0,T) X Dy — E is called locally Lipschitz, if forall 0 <t < T
and for all compact sets K C D, we have

llg(z, x) — g(z, )l
Lik(g) = sup g £
0<r<t, x,yeK:x#y ||X - )’||

where L, x(g) is usually called the Lipschitz constant.
We now use Lemma A.1 to prove the following general comparison result.

Proposition A.2. Let T, Dy, and f be as in Lemma A.1. Suppose, moreover,
that Dy has a nonempty interior and f is locally Lipschitz on [0,T) X D;. Let
£,n:[0,T) = Dy be curves that are continuous on [0, T), differentiable on (0, T),
and satisfy the conditions

(i) () € D5
(i) £(t) = f(2,£(0) Z 7(2) = f(t,n(0))
(iii) £(0) = 7(0)
forallt € [0,T). Then {(t) = n(t) for all t € [0, T).
Proof. Fix ty € [0,T). Since n is continuous, the image S of the segment [0, #o]
under the map 7 is a compact subset of D‘}. Let 6 > 0 be such that the closed

o-neighborhood S5 of S is contained in D;. By the local Lipschitz continuity of f
on D;, there exists a constant L > 0 such that

I1Lf (@ x) = f(&. 9l < Lilx =yl (A.D)

for any ¢ € [0,1p] and x,y € Ss5. Let ¢ € C° be such that ||c|| = 1 and let d, denote
the distance from c to the boundary dC of C. For & > 0, we set hg(?) := geltldec,
If & < e72L0/de 5 then 5(f) — he(f) € S for any ¢ € [0, #o], and (A.1) gives

I1f (&, 0(1) = he(D)) = f(2. )| < Lilke(Ol, £ € [0, 70]. (A2)
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Since C is a cone, the distance from Lh.(¢)/d, to OC is equal to Leetlde = [||h (1))
In view of (A.2), it follows that
Lhe(n)/d. z f(t,n(t) — he(1)) — f(2,0(2))

and hence

—he(t) = =2Lhe(D)/d. < f(1,1(1) = he(D) = (1, 0(0), 1 € [0, 10], (A.3)
for £ small enough. This implies that

£ — f(1,40) = 7)) — (6, 0(0)) 3> (1) = he(r) = f@,7(0) + he(D)).

Applying Lemma A.1 to the functions £(¢) and n(¢) + h.(¢) yields £(¢) > n(t)+h.(?),
for all t € [0, fy]. Now letting £ — 0 yields the required inequality for all 7 € [0, #y].
This proves the assertion, because ty < T can be chosen arbitrarily. O

If we consider the differential equation

&= f(1.£1), &©0)=ue Dy, (A.4)

Proposition A.2 allows the following immediate conclusion, which is the key tool
for proving Proposition 3.2 and in turn Theorem 3.3.

Corollary A.3. Let T, Dy and f be as in Lemma A.2. Suppose further that equation
(A.4) gives rise to a global solution y°(t,u): Ry X D; - D}. Let uy € D;’c and
let £:[0,T) — Dy be a solution of (A.4) such that £0) = uy = up. Then &(t) =z
Yo(t,up), forall t € [0, T).

APPENDIX B. A LEMMA ON STOCHASTIC CONTINUITY

Lemma B.1. Let (X, P,),cp be a conservative, stochastically continuous affine pro-
cess and fix x € D. Then for any €,6 > 0 there exists t, such that

P.(X;- — x| >e) <06, Vt<it,. (B.1)
Proof. Fix x € D. Since py(x,-) — po(x, -) weakly, it follows from [1, Satz 30.12]
that (B.1) holds for X; instead of X;_. Now notice that the absolute continuity of the

characteristics of X (cf. Theorem 2.3) combined with [13, I1.2.9 and 1.2.25] yields
AX; =0, P,-a.s. Hence

Pr(IXi- —xI > &) < Pu(IX; — x[ > &) + Px(|AX;| > 0)

= Pu(X; - x| > ¢)
< 0,
for all # < t,. This proves the assertion. O
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