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AFFINE MODELS
CHRISTA CUCHIERO, DAMIR FILIPOVIC, JOSEF TEICHMANN

ABSTRACT. Affine term structure models have gained significant
attention in the finance literature, mainly due to their analytical
tractability and statistical flexibility. The aim of this article is to
present both theoretical foundations as well as empirical aspects of
the affine model class. Starting from the original one-factor short-
rate models of Vasicek and Cox et al, we provide an overview of the
properties of regular affine processes and explain their relationship
to affine term structure models. Methods for securities pricing
and for parameter estimation are also discussed, demonstrating
how the analytical tractability of affine models can be exploited

for practical purposes.
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1. DEFINITION

Notation 1. Throughout the article, (-,-) denotes the standard scalar

product on RY.

Definition 1. Let r; be a short rate model specified as an affine func-

tion of an N-dimensional Markov process X, with state space D C R¥:
Ty = l + <)\7Xt>7 (1)

for some (non time-dependent) constants [ € R and A\ € RY. This
is called an Affine Term Structure Model (ATSM) if the zero-coupon

bond price has exponential affine form, i.e.

P(t,T) = E|e™ 7

Xt] — (CUT)HHET), X @)

where [E denotes the expectation under a risk neutral probability mea-

sure.

2. EARLY EXAMPLES

Early well-known examples are the Vasicek [I4] and the Cox, In-
gersoll, Ross [0] (see eqf11-024 and eqf11-025) time-homogeneous one-
factor short rate models. In , both models are characterized by
N=1,l=0and A= 1.

2.1. Vasicek Model: X; follows an Ornstein-Uhlenbeck process on

D =R,

dXt = (b ‘I— ﬂXt)dt + Uth, b,ﬁ - R, o € R+,
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where W, is a standard Brownian motion. Under these model specifi-

cations, bond prices can be explicitly calculated and the corresponding

coefficients G and H in (2)) are given by

1 — BT
HUT) = ———

/8 ?
02 T T
Gt,T) = ?/ HQ(S,T)derb/ H(s,T)ds,
t t

provided that 3 # 0. (see also eqf11-024)

2.2. Cox-Ingersoll-Ross Model: X, is defined as the solution of the
following affine diffusion process on D = R, , known as Feller square

100t process,
dXt = (b —+ ﬁXt)dt =+ g/ Xtth7 b, S R+7 ﬁ - R

Like in the Vasicek model, there is a closed-form solution for the bond

price. If 0 # 0, G and H in are then of the form:

2yelr-AT-0)/2
e = e (w AT 1) 27>’
—2(eT=t) 1)
(v = B) (e = 1) + 27

where v := /% 4+ 202. (see also eqf11-025)

Since the development of these first one-dimensional term-structure

H(tT) =

models, many multi-factor extensions have been considered with the

aim to provide more realistic models.
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3. RECULAR AFFINE PROCESSES

The generic method to construct ATSMs is to use regular affine
processes. A concise mathematical foundation was provided by Dulffie,
Filipovi¢ and Schachermayer [7]. Henceforth, we fix the state space

D:RTXRN*’”, for some 0 < m < N.

Definition 2. A Markov process X is called reqular affine if its charac-
teristic function has exponential-affine dependence on the initial state,
i.e. for t € R, and u € iRY, there exist ¢(¢t,u) € C and ¥(t,u) € CV,

such that for all x € D
]E|:€<u7Xt> }XO — le — e(f)(t,u)-i-(l/)(t,u),x)' (3)

Moreover, the functions ¢ and 1 are continuous in ¢ and 9, ¢(t, u)|—o

and 9,79 (t, u)|i=o exist and are continuous at u = 0.

Regular affine processes have been defined and completely charac-

terized in [7]. The main result is stated below.

Theorem 3. A reqular affine process is a Feller semimartingale with

infinitesimal generator

- > ag, ) 1 {B@), 9 f(a) ~ Cl) @

/ ooy 8 = I(@) = (VI@) X(O) M, de). (4
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for f in the set of smooth test functions, with

Alz) = a+ zm:xiozi, a,a; € RVN, (5)
=1
N
B(z) = b+ Y B, bBeRY, (6)
i=1
Clx) = c+ Z%’%’, ¢, € Ry, (7)
=1
M(z,d¢) = m(dS) + > mipi(df), 8)
=1

where m, ji; are Borel measures on D\{0} and x : RY — RY some
bounded continuous truncation function with x(§) = £ in a neighbor-
hood of 0. Furthermore, ¢ and 1 in solve the generalized Riccati

equations,

at¢(t>u) = FW(@“)% ¢(07u)207 (9)
O(t,u) = R@W(tuw), ¢(0,u)=u, (10)

F(u) = <au,u>+<b,u>—c+/

. <e<u,s> —1— (u, x(ﬁ)))m(dg),

Riw) = {aswu)+ By =it [ (9 - 1 fux())ide)

D\{0}
forie{l,...,m},

Ri(u) = (Bi,u), forie{m+1,...,N}.

Conversely, for any choice of admissible parameters a, «;, b, 3;, ¢, Vi,

m, [;, there exists a unique reqular affine process with generator .
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Remark 4. 1t is worth noting that the infinitesimal generator of every
Feller process on RY has the form of the above integro-differential op-
erator (4f) with some functions A, B, C' and a kernel M. The specific
characteristic of regular affine processes is that these functions are all
affine, as described in - .

Observe furthermore that by the definition of the infinitesimal genera-

tor and the form of F' and R, we have

d WX,
aE[d ’X>|X() :JJ}

= (0] o(t, w0 + O (t,u)|i=0) ™™

t=04

= (F(w) + (R(u),z)) e = Ae),

This gives the link between the form of the operator A and the functions

F" and R in the Riccati equations @D and .

Remark 5. The above parameters satisfy certain admissibility condi-
tions guaranteeing the existence of the process in D. These parameter
restrictions can be found in Definition 2.6 and equations (2.23)-(2.24)
in [7]. We note that admissibility in particular means «a;; = 0 for

i,k,l <munless k =1=1.

4. SYSTEMATIC ANALYSIS

4.1. Regular affine processes and ATSMs. Regular affine pro-
cesses generically induce ATSMs. This relation is explicitly stated in

the subsequent argument. Under some technical conditions which are
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specified in [7] chapter 11, we have for r, as defined in ([I)),

E 6_ /(f T‘sdse<u7Xt>

X, = x} _ PO (11)

where

Oo(t,u) = F(i(t,u),

Ot ) = R(U(tu)),

with F(u) = F(u) — | and R(u) = R(u) — A. Setting v = 0 in (T1)),

one immediately gets with G(t,T) = ¢(T —t,0) and H(t,T) =

(T —t,0).

4.2. Diffusion case. Conversely, for a class of diffusions

on D, Duffie and Kan [8] analyzed when ([2)) implies an affine diffusion
matrix A = # and an affine drift B of form (7)) and (6] respectively.

4.3. One dimensional nonnegative Markov process. For D =
R, Filipovi¢ [9] showed that (1)) defines an ATSM if and only if X, is

a regular affine process.

4.4. Relation to Heath-Jarrow-Morton framework. Filipovi¢ and
Teichmann [10] established a relation between the Heath-Jarrow-Morton
(HIM) framework (see eqf11-022) and ATSMs: Essentially, all generic
finite dimensional realizationd!] of a HJM term structure model are
time-inhomogeneous ATSMs.

'For a precise definition see [10].
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5. CANONICAL REPRESENTATION

An ATSM stemming from a regular affine diffusion process X on
R7T x RY~™ can be represented in different ways by applying non-
singular affine transformations to X. Indeed, for every nonsingular
N x N-matrix K and x € R", the transformation KX + x modifies
the particular form of and the short rate process , while ob-
servable quantities (e.g. the term structure or bond prices) remain
unchanged. In order to group those N-dimensional ATSMs generating
identical term structures, Dai and Singleton [6] found N +1 subfamilies
A, (N), where 0 < m < N is the number of state variables actually
appearing in the diffusion matrix (i.e. the dimension of the positive
half space). For each class, they specified a canonical representation

whose diffusion matrix oo? is of diagonal form with

Tk, E<m
(00" () ke = :
1+ ZZI )\k,ixi k>m

where \;; € R. For N < 3 the Dai-Singleton specification comprises
all ATSMs generated by regular affine diffusions on R’} x RN-™_ The
general situation N > 3 was analyzed by Cheridito, Filipovi¢ and Kim-

mel [4].

6. EMPIRICAL ASPECTS

6.1. Pricing: The price of a claim with payoff function f(X}) is given

by the risk neutral expectation formula

n(t,x) = EleJom® (X))

XOZQZ].
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Suppose f can be expressed by
f(z) = / (CHAD TN, A € RY, (13)
RN
for some integrable function fand some constant C' € RY. If, moreover

E [6_ fg rsds€<C,Xt>

Xy = x] < 00,
then (11]) implies
m(t,r) = E {e‘ Jo rsds (/ €<C+M’Xt>f(/\)d)\) ‘Xo = x}
RN

_ / E[e—jgrsdse(()—i—i)\,Xt) 7
RN

Xo = x} F(\)dx
_ /N egg(t,C-i-i)\)-i-(qZ(t,C-i-i)\),m)f(}\)d/\.
R

Hence, the price 7(¢,z) can be computed via numerical integration,
since the integrands are in principle known. For instance, in the case
N = 1, the payoff function of a European call (e* — e*), where z
corresponds to the log price of the underlying and £ to the log strike
price, satisfies . In particular, we have the following integral rep-
resentation (see [11])

( T k)—l— _ 1 / (C+iX)z h1=C=) d)\
R ™y (C+iN(C+ir—1)

Therefore, the previous formula to compute the price of the call 7 (¢, x)
is applicable. An alternative approach leading to the same result can

be found in Carr and Madan [3].
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6.2. Estimation: Statistical methods to estimate the parameters of
ATSMs have been based on maximum likelihood and generalized method
of moments.

Concerning maximum likelihood techniques, the conditional log den-
sities entering into the log likelihood function can in general be obtained
by inverse Fourier transformation. Since this procedure is computation-
ally costly, several approximations and limited-information estimation
strategies have been considered (e.g. [I3]). Another possibility is to use
closed form expansions of the log likelihood function which are available
for general diffusions [I] and which have been applied to ATSMs. In
the case of Gaussian and Cox-Ingersoll-Ross models, one can forgo such
techniques, since the log densities are known in closed form (e.g [12]).

As conditional moments of the form E[X[" X[ ] for m,n > 0 can be
computed from the derivatives of the conditional characteristic function
and are in general explicitly known up to the solution of the Riccati
ODEs @D and , the generalized method of moments is an alterna-

tive to maximum likelihood estimation (e.g. [2]).

7. RELATED ARTICLES

e ¢qf08-018
e eqf11-022
e cqf11-024
e cqf11-025
e eqf11-027
e ¢qf13-009
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