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Abstract

In this paper we value a callable snowball floater, a complex interest rate instrument
with variable coupon payments, which depend on the prevailing interest rates in arrears
and recursively on previous coupon payments. The embedded option requires solving an
optimal stopping problem using the dynamic programming principle. A well-known and
widely used algorithm to estimate conditional expectations is a specific form of least squares
Monte Carlo simulation introduced by Longstaff and Schwartz (2001), which we refer to as
the LSM approach. Contrary to the standard approach, where discounted option values of the
subsequent period are regressed on the current state variables, Longstaff and Schwartz (2001)
use the ex post realized payoffs of in-the-money option scenarios from continuation instead.
They argue that, in doing so, they get values less than or equal to the value implied by the
optimal stopping rule, which provides an objective convergence criterion.

We compare the LSM approach with the standard approach and use the price estimate
from an elaborate nested Monte Carlo simulation as a benchmark. We empirically find that
the LSM estimate of the embedded option might be considerably downward biased, whereas
the standard estimate is much closer to the benchmark price. Moreover, we find that there is
no optimal type of basis function that can generally be recommended for pricing interest rate
instruments. Instead, we suggest using the LSM approach to determine the optimal type of
basis function that results in the largest option value and rely on the standard approach to
price the instrument. These are important issues to consider when pricing complex interest
rate instruments, in general, and callable snowball floaters, in particular.

JEL-Classification: C15, G12, G13

Keywords: snowball floater, bermudan option, least squares Monte Carlo, nested Monte Carlo

simulation

*Vienna Institute of Finance, University of Vienna, and Vienna University of Economics and Business, Heili-
genstadter Strale 46-48, 1190 Vienna, Austria; email: damir.filipovicQvif.ac.at
Damir Filipovié¢ gratefully acknowledges the financial support from WWTF (Vienna Science and Technology Fund).

tVienna University of Economics and Business, Department of Finance and Accounting, Heiligenstidter Strafe
46-48, 1190 Vienna, Austria; email: nils.friewald@wu.ac.at

#Vienna University of Economics and Business, Department of Finance and Accounting, Vienna Graduate School
of Finance, Heiligenstadter Strafle 46-48, 1190 Vienna, Austria; email: stefan.pichler@wu.ac.at



1 Introduction

Snowball floaters are complex debt instruments with variable coupon payments, which depend on
the prevailing interest rates (e.g., EURIBOR) in arrears and recursively also on previous coupon
payments. A standard snowball floater promises high initial coupons, which then might get even
larger if interest rates fall, but may also quickly melt down if interest rates rise. Coupons are floored
at zero, thereby guaranteeing only positive payments to the investor. Furthermore, snowball
floaters are often endowed with an option that allows the issuer to buy back the floater at par
whenever it is favorable for her. Hence, a callable snowball floater is an early-exercise as well as
a path-dependent instrument.

In general, path-dependent products can easily be priced using Monte Carlo techniques, which
are based on forward propagation in time, whereas the early-exercise feature relies on backward
propagation of the option value, which is typically implemented with binomial or trinomial trees.
However, trees are not really suitable for underlying variables of high dimensionality such as
interest rate instruments. Monte Carlo methods are much more convenient in this respect, but
the early exercise feature must additionally be accounted for.

A number of studies address this issue in the literature: An early contribution is by Bossaerts
(1989) who solves the optimal exercise strategy by simulation where he maximizes the option
value. Other contributions are Tilley (1993), Broadie and Glasserman (1997), Broadie et al.
(1997), Boyle et al. (1997), Rogers (2002), Andersen and Broadie (2004), Bally et al. (2005),
etc. However, probably the most important papers on this topic are by Tsitsiklis and Van Roy
(1999), Tsitsiklis and Van Roy (2001), Carriere (1996) and Longstaff and Schwartz (2001) which
propose an approximation technique that relies on Monte Carlo simulation and accounts for the
early exercise feature. The difficulty in pricing American options, for which there are no closed-
form solutions, is to appraise the accuracy of the estimate. Various studies address this issue by
producing lower and upper price bounds of the option value (e.g., Broadie and Detemple (1996),
Jamshidian (2003), Haugh and Kogan (2004), Kolodko and Schoenmakers (2006), and Belomestny
et al. (2008)). On the basis of these bounds we obtain convergence criteria, which provide guidance
to assess the accuracy.

Interest rate instruments, such a snowball floaters, have gained increasing popularity in the
recent past when the interest rate level was rather low. Institutional investors, such as corporate
clients or hedge funds as well as wealthy private investors, sought for alternatives to earn above
current market yields. Snowball floaters are very attractive in these environments because they
usually promise high coupons. However, the risk an investor faces is substantial for two reasons:
First, the complex coupon payment structure depends considerably on the interest rates. If it turns
out that interest rates fall over time, coupons accumulate quickly, very much like a snowball, but
they might also quickly melt down to zero when interest rates rise. Second, callable snowball
floaters are endowed with an option, giving the issuer the right to buy back the floater at par at
specific points in time (e.g., semi-annually). Hence, the investor is exposed to prepayment risk
due to his short position in the call-back option.

In fact, investors who bought snowball floaters denominated in Euro during the low interest rate

environment of, e.g. 2004—2005, faced considerable losses because it turned out that short-term



interest rates steadily grew in the market upturn. Hence, coupon payments immediately vanished.
Furthermore, in a market of rising interest rates, investments in snowball floaters became more and
more unattractive, which lead prices fall. Selling them off at a large discount was no alternative
for many investors. Finally, with the onset of the sub-prime crisis central banks lowered key
interest rates to stimulate the economy. This pushed up prices of snowball floaters again, but
unfortunately, some issuers then exercised their right to buy back the floater at par and, hence,
investors missed the opportunity to generate business in the low interest rate environment.

The actual prepayment risk as well as the risk of the complex coupon payments is often
unpredictable for non-professional investors. Actually, some investors who faced considerable
losses already brought issuers of snowball floaters to trial, suing the issuers for not having been
properly and fully clarified about the embedded risks. In fact, alone the pricing of a snowball
floater is demanding. Various different approaches are suggested in the academic literature, each
having their pros and cons. Moreover, the price is very sensitive on changes in the level of interest
rates, their volatilities and correlation.

With this paper we address three issues: First, by focusing on a specific callable snowball
floater we analyze the sensitivity of the price and the value of the embedded option to changes in
the market environment. This reveals the main driving factors and provides important insights
about the functionality and the risk of callable snowball floaters. In doing so, we estimate the
price of the embedded option on a quarterly basis over the floater’s lifetime between October 10,
2005 and April 10, 2008. Moreover, we conduct a scenario analysis where we use the market data
of the issue date as the base case and then shift or twist the forward rate curve up and down or
scale the forward rate volatilities. The second objective of this study is to highlight the importance
of decomposing complex instruments with embedded options, such as callable snowball floaters
into two parts, i.e. the non-callable instrument and the Bermudan option, and price each part
separately. We demonstrate that if we directly solve the optimal stopping problem on the callable
instrument, we would drastically underestimate its price.

The third issue we focus on is to compare different valuation algorithms. We use a popular
and wide-spread valuation algorithm proposed in the standard academic literature to price Bermu-
dan options, namely least squares Monte Carlo simulation. This algorithm is applied to estimate
conditional expectations in a Monte Carlo simulation framework, which then allows to judge if
either immediate exercise or continuation is more valuable. In particular, to value the embedded
option we focus our analysis on a specific least squares Monte Carlo simulation algorithm intro-
duced by Longstaff and Schwartz (2001), which we refer to as the LSM approach. In contrary to
a standard approach introduced by Tsitsiklis and Van Roy (1999), where discounted option values
of the subsequent period are regressed on basis functions evaluated on the current state vector,
Longstaff and Schwartz (2001) suggest to use the ex post realized payoffs of only in-the-money
option scenarios to estimate the continuation value. They point out, that their approach is, on the
one hand, computationally more efficient and, on the other hand, yields downward biased option
values which can then be used to control accuracy when selecting the optimal type and number of
basis functions. However, even if their approach is very promising it still needs further empirical

testing, particularly for instruments that are based on interest rates (see, e.g., Brigo and Mercurio



(2006)). Hence, the third objective is to compare the approach of Longstaff and Schwartz (2001)
with the standard approach.

As an objective criterion to evaluate the different approaches, we use an elaborate nested Monte
Carlo or random-tree simulation to obtain the callable snowball floater price and the value of the
embedded option. This is the most accurate estimate we get, but admittedly, computationally
also the most expensive one. Therefore, we consider the nested Monte Carlo estimate as the
benchmark. In addition, we also provide an easy to compute lower bound of the floater value, by
conditioning on the complete knowledge of the simulated paths. This perfect foresight of interest
rates allows choosing the best exercise strategy among all strategies and, hence, yields the largest
option value and the lowest achievable price for the callable snowball floater, respectively.

We find in our empirical analysis that the LSM algorithm yields price estimates that are
substantially downward biased, while estimates obtained from the standard approach are much
more accurate. We also find that there is no optimal type of basis function that can always be
recommended to price interest rate instruments. Instead, we suggest using the LSM algorithm to
decide which basis function to use and then rely on the standard approach to price the instrument.
Moreover, we demonstrate the importance to decompose callable instruments into a non-callable
part and the embedded option and price each part separately. One can lower the standard errors
of the callable floater when the embedded option is valued based on the same simulated paths as
the non-callable instrument because both values are positively correlated.

The paper is structured as follows: In Section 2 we introduce a generic valuation framework for
pricing callable snowball floaters while relying on a Libor market model. In Section 3 we discuss
two algorithms for solving the dynamic programming problem: nested Monte Carlo simulation
and least squares Monte Carlo simulation. Section 4 presents the methodology and the data used
for pricing the callable snowball floater. Section 5 reports the findings of the empirical analysis,
where we conduct a time-series, scenario and basis function analysis. Section 6 concludes and the

appendix contains the figures and tables.

2 Valuation Framework

In this section we discuss the framework to value a callable snowball floater. We assume a finite
time interval [To,T,,], where T is the current time and T, the maturity date of the callable
snowball floater. Moreover, we consider a complete probability space (2, F,Q), where Q is the
set of all possible realizations of the economy, F is the sigma field of distinguishable events of the
economy at time T, and Q the associated probability measure. The probability space is equipped
with a discrete time filtration (Fr,);=o,....m-

A snowball floater is a path-dependent instrument with variable coupon payments K (Tj;),
i =1,...,m that are contingent on the prevailing interest rates in arrears, and recursively also on
the previous coupon payments.! A typical snowball floater is endowed with an option that allows

the issuer to buy back the floater at par on a fixed set of exercise opportunities or stopping times

1For a description of the exact coupon payment structure of the specific snowball floater under consideration,

see Section 4.1.



Ty.m with values in {T}, ..., T}, }. Usually, the option has a lock-out period T}, meaning that the
issuer cannot call back the floater before Tj. Since the option can be exercised only at discrete
points in time, it is called a Bermudan option. We assume that the set of stopping times 7 ,, is
a subset of the coupon payment dates T;, which in reality is most common case.

We price the snowball floater under the Libor market model, which we now briefly recap: Let
us denote by D;(t) the price at time ¢ of a discount bond with maturity ¢; and by L;(¢) the forward

Libor rate, which is the interest rate fixed at time ¢ for the interval [t;,t; + J;]:

D;(t) — Diz1(¢)
5iDi+1(:) ’ @

where J; = t;41 — t; denotes the accrual period measured in years. Under the spot measure Q the

Li(t) =

dynamics of the forward Libor rate are given by

dt+o,t)TdW(t), 0<t<t,, n=1,....m (2

Lot
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where 7(t) denotes the next following reset date at time ¢ and W is a d-dimensional standard

Brownian Motion.2 The spot measure Q is associated with a simply compounded bank account

B(t) as the numeraire asset which is defined as

n(t)—1

B(t) = By)(t) H (14 0; L (T3)], (3)
i=0

where 7(t) gives the index of the next tenor date at time ¢. The volatility o,, depends on ¢ but may
also depend on the current Libor rates L;(t). However, in our setup the volatility o, is assumed
to be deterministic and piecewise constant.

The callable snowball floater can either be directly priced using the dynamic programming
principle on the floater payoff or by first decomposing the floater into two parts, i.e. a corresponding
non-callable floater and the embedded option, where each part then is valued separately. We
discuss each approach in detail in the following sub-sections and also provide an easy to compute

lower bound of the callable floater price.

2.1 Direct Valuation of the Callable Floater

Following the direct valuation approach the value of the callable snowball floater is given by
minimizing the total discounted cash flow to the investor over all admissible stopping times 7.
Hence, we introduce the payoff process (Z(T}))k,...,m defined as the sum of all previously paid
coupons K (7;) plus a notional payment of 1 on exercise, measured in time-zero dollars, i.e.

! 1

T;
2(r) =3 BT BT @

=

2We simulate the Libor market model under the spot instead of the forward measure, because the bias due to the
discretization error in the drift is more distributed among the different Libor rates (see, e.g., Brigo and Mercurio
(2006)). Moreover, Glasserman and Zhao (2000) find that simulating under the spot measure usually results in

smaller variance.



The payoff Z(T;) is paid by the issuer to the investor if the bank exercises the call-back option
at time T;. Let us define another process H(T}) as the largest submartingale dominated by Z.

Then the pricing problem can be formulated as:

Tel%fmIE [Z(T)|.7:Tj] Ek<j<m

H(T)) = (5)

E [H(Ty)|Fr,] J<k
This is an optimal stopping problem which can be solved using the backward dynamic pro-
gramming principle where H(T}) is the value of the callable snowball floater at T; assuming the
floater has not been called previously. The process H(Tj) for T, < T; < T, is defined by a

terminal condition and backward induction:

{ H(Tm) = Z(Tm) (6)

H(Tj) = min { Z(T}),E [H(Tj+1)|Fr,)}, =k, o.ym— 1.

Note that, by construction, H(7},) equals the total cash flow paid to the investor until expira-
tion, i.e., the sum of the coupon payments up to maturity time 7, including the notional value of
1. For exercise dates T}, T, < T; < T, the value of the callable snowball floater is the minimum
of (a) the sum of the coupon payments and the notional when exercising immediately and (b) the
expected cash flow to be paid when continuing. Since the option cannot be exercised before T}
the dynamic programming stops at T' = T. Hence, the value of the callable snowball floater at

time Ty is given by

VA (Ty) = E[H (T3)| Fr,). (7)

We may also write this pricing problem in terms of stopping rules:

7; =min{T,, > T;|H(T,) = Z(T,)}, (8)

and the callable snowball floater value is then given by
VA (Ty) = E[Z (1) | Fr,] - (9)

2.2  Valuation by Decomposing the Callable Floater

Instead of solving the dynamic programming problem given in (6) we now first decompose the
callable snowball floater value into the difference of a non-callable snowball floater VN¢(T}) and
the value of the Bermudan call-back option C(7p). This is a standard procedure for pricing
instruments with embedded options. It turns out that, in doing so, we empirically get more
accurate results (see Section 5.3). We first define the price of the non-callable floater at time T}
as the expected value of the remaining coupon payments K (T;) plus the notional payment of 1 at

maturity T;, measured in time-zero dollars, i.e.

VNO(T) =E i K(Tf)+ = |Fr, | (10)



where by convention, we set 33" .., - = 0 for i > m, hence VNY(T;,,) = 1/B(T},). For any

stopping time 7, we may alternatively write for V4" (Tp)

K "K(T) 1
B | = 2 5) BT, FT‘J}
" K(T)) 1 1
EIE 2w sm |

= VYT, - C(Ty), (11)

where £(7) gives the index of the stopping time 7. Thus, the option value C(T}) is defined as the
expected difference of the non-callable snowball floater at time 7, and the notional value of 1 in

time-zero dollars. To compute the option value we define a virtual payoff function Z(T}), i.e.

1
B(Ty)

It is virtual in the sense that an option holder on exercise would receive the remaining coupons

Z(Ty) = VNT;) ~

(12)

of a non-callable snowball floater and pays par. We introduce the Snell envelope (U(T})) j=k,...,m for

the corresponding payoff process (Z(T}))j=k,...m- The option value is then given by the following
optimal stopping problem:

sup E[Z(7)|Fr] kE<j<m
UT;) =4 7€%m (13)
E[UT)1FL] <k
which, again, can be solved using the backward dynamic programming scheme. Note, that the
Snell envelope at the terminal time 7, is 0, by construction, i.e. the option value is worthless at
maturity T5,. At intermediate times T}, < T} < T3, the price of the callable snowball floater is the

maximum of the continuation value I'(T;) = E [U(T}41)|Fr,] and the exercise value Z(T}):

{ U(T) = Z(T),) =0 14

U(T}) = max{Z(T}),0(T})}, j =k, ..., m—1

The option value at time Ty is then given either by the Snell envelope U(T}) or in terms of

stopping rules, i.e.

C(To) = E[U(Tw)| Fr,] = E[Z(73)|F1,]- (15)

Hence, the value of the callable snowball floater is defined as the difference between the value
of the non-callable snowball floater V¥ (Ty) and the call-back option C(Tp):

V(To) = VN(Ty) — C(Ty) (16)



2.3 Lower Bound

We next find an easy to compute lower bound V% (Ty) for V(Tp) by maximizing the Bermudan
call-back option or minimizing the cash flow of the callable floater to the investor, respectively,

over all paths conditional on the complete knowledge of the entire path, i.e.

K(T}) 1
BT " B@) [ "

[
VieU(Ty) =E | mi
(To) Jnin ;

The perfect foresight of the evolution of the interest rates allows to choose the best exercise
strategy among all strategies and, hence, yields the lowest achievable price for the callable snowball
floater and the highest option value, i.e. C"P(Tp) = VNC(Tp) — VI (Ty).

3 Valuation Algorithms

While in the last section we provided a framework to value a generic callable snowball floater,
we now focus on two valuation algorithms to implement the pricing framework. Since a callable
snowball floater is not just a path-dependent, but also an early-exercise instrument, we need to
solve an optimal stopping problem. This involves the estimation of the continuation value such
that we can decide if either immediate exercise or continuation is more valuable. This value can be
estimated by a number of approaches suggested in the literature, each having their pros and cons.
In this study we focus on two algorithms: First, nested Monte Carlo or random-tree simulation
and, second, least squares Monte Carlo simulation. We discuss each of these approaches in more

detail in the following two sub-sections.

3.1 Nested Monte Carlo Simulation

Nested Monte Carlo simulation is a pure simulation approach to obtain estimates of conditional
expectations. The procedure works as follows: Starting from an initial state Xy which corresponds
to, e.g., the forward Libor rates L;(Ty), i =0, ..., m, we simulate b independent subsequent states
X1(1),...,X1(b), and then, again, for each of the subsequent states X;(i) we draw b further
paths X5(il),..., Xo(ib), given the most recent information available at time 7;.> The estimated
continuation value is given by the average of the discounted value functions plus the coupon
payment of the subsequent states. Hence, we need to branch our tree at each exercise date. For a
given number of branches b at each node the demand of computational power grows exponentially
as the number of exercise dates increases.* Obviously, such an approach is computationally very

expensive and time-consuming and, hence, in practice often simply not applicable.> However, for

3Here we use the notation X (41 ... ij) to refer to the state vector at time T, where i1 .. .17; denotes the sequence

of paths in the random tree to node i; at time step Tj, i.e. for a branching parameter b = 3 we have i € {1,2,3}.
4For example, given a maturity of 8 years with semi-annual exercise opportunities and a lock-out period of one

year, we have k = 15 exercise dates. Assuming a branching parameter of b = 2, i.e. for each state we simulate
two subsequent states, we need to simulate b¥ = 32768 paths in total. For b = 3 we already need to simulate 14.3

million paths.
5Given that our specific snowball floater has, when issued, k = 15 exercise opportunities, we apply a branching

parameter of b = 2. However, for lower time-to-maturities we adjust the branching parameter accordingly, such



this study we nevertheless rely on a nested Monte Carlo simulation to value our snowball floater
because the obtained value is the most accurate achievable price. We consider the estimate of
the nested Monte Carlo simulation our benchmark against other valuation algorithms such as the
least squares Monte Carlo approach.

Instead of estimating the value of the callable snowball floater based on a direct approach,
we use the more accurate approach and value the embedded option C(7p) and the non-callable
snowball floater VVC(Ty) separately, as discussed in Section 2. To solve the dynamic programming
problem given in (14) we need to know the conditional expectation of the non-callable snowball
floater VNY(T}) and the continuation value I'(T;41) for each time step. We get both implicitly
from the nested Monte Carlo simulation. The estimate of the conditional non-callable snowball

floater value at a particular node i; is approximated by

> . . 1 = . o Kipa(dy .. i49)

NC _ }: NC _ j+1{0 J
V- (Zl...lj)—g . V-+1(Zl...’LJZ)+ B(’Ll’LJZ) . (18)
At a final node 1,,, the value of the non-callable floater equals the notional value and, hence,

the option value is zero. Before expiration an estimate of the continuation value I'; is given by

averaging the option values of the subsequent step, i.e.

b
Fiir...i;) = %Zﬁ(]“jﬂ)(il...iji). (19)

Finally, the value of the callable floater V""¢(Tj) is then given by the difference of the non-
callable floater VN Y(Ty) and the Bermudan option G"WC(TO). The estimate of the embedded
option value obtained by a nested Monte Carlo simulation is consistent but biased high because
the same information is used in deciding whether to exercise immediately as for estimating the
continuation value. To put it differently, the estimation of the continuation value is based on
information from subsequent nodes of the state variable, i.e. future information is used to decide if
exercise is preferable or not (for a formal proof see Broadie and Glasserman (1997)). We produce
another consistent estimator, one that is biased low but also converges to the true value. In
general, to remove the high bias we need to estimate the value of continuation and the value on
which we decide to exercise on different samples. There are various ways to do this, but we follow
the method described in Broadie and Glasserman (1997). They use all but one of the following
paths for the exercise decision and the remaining path to estimate the continuation value. Again,
we refer to Broadie and Glasserman (1997) for a formal proof, verifying that this approach yields
an estimate biased low.

Given the downward biased estimate égmc and the upward biased estimate CA'}LI"LC of the em-
bedded call-back option at time Ty, we know for n simulation runs and branching parameter b
that:

E [“g"%(b, n)} <C<E [Agm(b,n)} (20)

that the computational burden is approximately the same. For example, for £k = 8 we use a branching parameter

of b = 4 to further increase accuracy.



This allows us to compute a (1 — «) confidence interval for the call-back option value, i.e.

~ O_nmc ~ O.nmc
( ch(b7 n) _ ZQ/Q%,Cﬁmc(b’ n) + Za/2 \Ijﬁ ) s (21)

where 2,5 denotes the a/2-quantile of the standard normal distribution. The standard deviations

nmc

nmc
oL

and o7/"¢ can be estimated from n independent runs of the nested Monte Carlo simulation.
The true value C' is within the confidence interval with a probability of at least 1 — a. Note, that
as the branching parameter b — oo and the number of paths n — oo the interval collapses to the

point C(Tp). We finally use the mid-point as a point estimator for the embedded option price, i.e.

Crme(Ty) = 1/2 (Agmc + é};m) . (22)

Despite the fact that the computation of a mid-point is somewhat arbitrary, Glasserman (2004)

shows that it is highly effective.%

3.2 Least Squares Monte Carlo Simulation

The least squares Monte Carlo technique is a prominent approach, which is more appealing in
practice than nested Monte Carlo simulation. Here, the continuation value I'(T}) is estimated by
regressing the value function of the subsequent period on a vector of basis functions ¥. Clément
et al. (2002) point out that the least squares Monte Carlo approach involves two approximations:
First, the conditional expectation I'(T};) = E[U(T}41)|Fr,] is replaced by an orthogonal projection

P; on a vector of d basis functions U? evaluated on the current state vector X (T}), i.e.

Pi(U(Tj41)) = a; 94X (T7)), (23)

where the d dimensional parameter «; is given by

a; = (A;)T'E [9U(X(T3)U (Tj41)] (24)

and the d x d matrix A; is defined as’

Aj = E[W(X(T)))0"(X (1) '] - (25)

We could use different basis functions for different exercise dates. However, we stick on the same
type of basis function when solving the dynamic programming problem. The second approximation
involves Monte Carlo simulation and least squares regression to estimate the continuation value
I'(Tj). Hence, an estimate for «; is obtained by minimizing the squared differences between the

value function ﬁ(TjH) and the linear combination of the d basis functions U(X(Ty)), i.e.

6In order to get sufficient accuracy we simulate 1000 random trees. Furthermore, to decrease standard errors
we use antithetic sampling for branching parameters b > 2, i.e. to compute the low estimates we average over the

antithetic pairs. Note, that for b = 2 we cannot compute low biased estimates using antithetic sampling.
"Due to numerical issues, we might experience singularities for A. Hence, we calculate the Moore-Penrose

generalized inverse of the matrix A.



10

n
&; = arg min (ﬁ@(TM) —a- \Ifd(X<i>(zy)))2. (26)
ajER =

This is a rather general description of using least squares Monte Carlo simulation to estimate
Bermudan options which was first applied by Tsitsiklis and Van Roy (1999). We denote this
method the standard algorithm to distinguish it from a more specific approach introduced by
Longstaff and Schwartz (2001). The difference is that they regress the ex post realized payoffs
Z(7j+1) on basis functions evaluated on the state variables. They point out that their algorithm
results in option values that are less than or equal to the value implied by the optimal stopping
rule, which provides an objective criterion for convergence. We call their approach the LSM
algorithm. Moreover, Longstaff and Schwartz (2001) recommend to use only in-the-money option
scenarios (Z(T}) > 0) for regression to improve computational efficiency. Hence, we estimate a'*™

by minimizing the following problem:

n

~ . ) 2
&5™ = arg min (Z@ (Tj11) — alsm WX (Tj))) . (27)

J Ot?m'ERd P}

We use the least squares Monte Carlo technique once to value the callable snowball floater
directly by solving the optimal stopping problem given in (6), and once where we first decompose
the floater into a non-callable floater and the embedded option. Valuing the embedded option
corresponds to the optimal stopping problem given in (14). The latter approach requires the
knowledge of the conditional expected values of the non-callable snowball floater V¢ (T}) which
can also be obtained by least squares regression. We compute the projection of the non-callable

snowball floater value VY (T}) on a set of basis functions U¢(X (1})), i.e.

Py(VNO(Ty) = Py(VN(Tjn) + K(Tj1) = 5, 94(X(Ty)), (28)
where the d dimensional parameter 3; is given by
~ 2

Bj = arg min, > (VNC’(O (Tj41) + K(Tji) = ;- 04X (Tj))) : (29)
7 i=1

4 Methodology

4.1 The Callable-Snowball Floater Under Consideration

We conduct the analyses in this study on a specific callable snowball floater, which was issued by
Bank Austria Creditanstalt AG in October 10, 2005.%2 The instrument has a maturity of T}, = 8
years and semi-annual coupon payments (i.e., each October 10th and April 10th) which depend
on the prevailing 6-month EURIBOR in arrears and recursively on previous coupon payments by

the following relation:

K(T;) = 6; - (2K (Ti—1) +7(T3) — Li(T;))*, 2<i <16, (30)

8ISIN: AT0000248687.
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where K (T;_1) is the previously paid coupon, L;(T;) the 6-month EURIBOR valid for the interval
[T;,T; + 9;] where we assume that §; = 0.5, Vi. The fixed interest rate premia r(7;) at the coupon
payment dates T; are given in Table 1. Note, that the investor receives fixed coupon payments of
5.25% p.a. for the first two coupon payment dates i = {1,2}. Furthermore, the floater is endowed
with an option giving the issuer the right to buy back the floater at par from which on no further
coupon payments are made. The option can be exercised only on the coupon payment dates.
However, there is a lock-out period of one year, meaning that the first exercise date is not before
one year. This guarantees that the investor, at least initially, receives two rather large coupon
payments.

To price the callable snowball floater we use a Libor market (or log normal forward-Libor)
model where we calibrate the model on observable cap prices with maturities between 3 and 8
years. In doing so, we need market discount factors which we compute based on the 6- and 12-
month EURIBOR and by bootstrapping the swap rates on the 6-month EURIBOR with a maturity
spectrum between 2 and 8 years. We obtain all these data from Datastream. Cap prices allow us
to estimate the forward rate volatilities. To keep things simple we do not account for forward rate
correlations. The accuracy of the algorithms, however, is not affected by the, admittedly, more
realistic assumption of correlated forward Libor rates. We estimate the forward rate volatilities
by a bootstrapping approach where we assume a piecewise constant volatility structure. This
simplification does also not affect the conclusions drawn from the empirical results.

Based on a simple time-series analysis, we first examine the main driving forces of the floater
price based on the price estimate obtained from a nested Monte Carlo simulation. In particular,
we show how coupon payments, the value of the call-back option and the forward rates affect the
callable snowball floater price. In doing so, we gain important insights about the instrument’s
functionality and the risk an investor is exposed to. We price the floater on a quarterly basis over
its lifetime, starting on October 10, 2005 and ending on April 10, 2009, when the floater finally
was called back by the issuer. A scenario analysis permits as to gain further important insights.
In this analysis we use the market values of the issue date (i.e. October 10, 2005) as the base case.
We then move the forward curve up and down by a parallel shift of 25 and 50 bp, respectively. In
a second step we twist the forward curve up and down at the short end by, again, 25 and 50 bp,
where we set the pivot point equal to half the initial time-to-maturity. In a third step we scale the
volatility of all forward Libor rates by a factor of 150% and 50%. On the basis of these scenarios
we examine the impact of a change in the market environment on the price of a callable snowball

floater and the embedded option.

4.2 The Choice of Appropriate Basis Functions

To price path-dependent instruments with early-exercise features least squares Monte Carlo sim-
ulation is widely used in practice. This requires choosing a specific type and number of basis
functions to estimate the continuation value. Recent studies (e.g., Clément et al. (2002)) show
that least squares Monte Carlo simulation yields unbiased estimates when the number of basis
functions and paths approaches infinity. Clearly, for practical purposes, one is restricted on a fi-

nite set of basis functions and a limited number of paths. Moreover, the accuracy of the estimates
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does not just depend on the number of basis functions but also on the specific choice. Since it
is still not clear which type of basis function serves best to approximate conditional expectations
for pricing interest rate derivatives with embedded options, we analyze various different types of
basis functions given in Table 2.

We start the analysis using a simple linear combination of the level and the slope of the interest
rate curve, as some studies suggest that such a restricted set of basis functions already provides
sufficient accuracy for pricing exotic interest rate derivatives. We approximate the average interest
rate level by the swap rate S, of a swap with a maturity T},,, which corresponds to the remaining
maturity of the floater. The slope of the interest rate curve is approximated by the difference
between the swap rate S, and the spot Libor rate L;(T;). To distinguish it from other types of
basis functions we denote this set with WY (S,,,S,, — L;), where we introduce the notation that
the super-index indicates the type of function and the sub-index its order.

In a next step we extend the number of basis functions using a linear combination of the
simulated forward Libor rates or discount factors including a constant. These sets are denoted
by UP(L;. . ) and U (D; ). Hence, at any time T; we regress on m — i + 2 basis functions,
where T, refers to the maturity, i.e. one time step before maturity we have three basis functions
at hand, because m = 16 and ¢ = 15. Moving stepwise forward in time, the number of basis
functions increases by one. Right after the lock-out period we regress on 16 basis functions.

We also analyze other more sophisticated types of basis functions using polynomials of order
two, including quadratic polynomials U5, weighted Laguerre polynomials U2l and Fourier series
W), Again, these values are evaluated on the simulated forward Libor rates or discount factors.
Recent numerical tests (e.g., Longstaff and Schwartz (2001)) indicate that a Fourier series or
a simple power transformation already provides sufficient accurate estimates. We compare the
efficiency of all these basis functions by computing the option price based on the LSM algorithm,
because it provides a useful convergence criterion which gives guidance in determining the type
and the required number of basis functions to obtain a desired level of accuracy. Longstaff and
Schwartz (2001) show that their algorithm results in low biased estimates of the option price.
The criterion works as follows: Simply increase the number of basis functions until the estimate
no longer increases. We analyze the efficiency of these basis functions empirically by quarterly

estimating the option price over the floater’s lifetime.

4.3 An Analysis of Valuation Algorithms

A snowball floater can either be valued directly or by first decomposing the instrument into a
non-callable snowball floater and the embedded option and then pricing each part separately. The
former approach relies on solving the optimal stopping problem given in (6), whereas for the latter
we need to solve the problem given in (14) and, additionally, estimate the conditional value of
the non-callable instrument. We apply both approaches to demonstrate that solving the optimal
stopping problem directly on the callable floater results in estimates that are biased low or option
values that are biased high, respectively. To demonstrate the magnitude in bias we also compute
an upper bound of the embedded option price by assuming the complete knowledge of the paths

of the forward Libor rates. The complete knowledge of the paths allows choosing the best exercise
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strategy among all strategies and hence yields the largest possible option value.

For valuing the snowball floater we focus on a specific implementation of the least squares Monte
Carlo simulation algorithm introduced in Longstaff and Schwartz (2001). Longstaff and Schwartz
(2001) varies somewhat from standard procedures usually applied in dynamic programming. First,
they regress the ex post realized payoff from continuation on functions of the values of the state
variables, instead of simply regressing the discounted option values of the subsequent period. They
argue that their algorithm yields downward biased estimates of the option value given a finite choice
of basis function. Although this property is appealing when we need guidance in determining the
number of basis functions to obtain a desired level of accuracy, it might still result in considerable
bias. This downward bias results from the fact that the stopping rule implied by the LSM algorithm
does not necessarily be the optimal stopping rule that maximizes the option value. Note, that this
is not necessarily the case for estimates obtained from the standard approach which can also be
upward biased as a consequence of Jensen’s inequality. In estimating the optimal exercise decision,
i.e. the optimal stopping rule, one unfairly uses information about the future evolution of the state
variable.

The second characteristic of the algorithm by Longstaff and Schwartz (2001) is that they sug-
gest using solely in-the-money option paths for the least squares regression. They point out that
when focusing only on in-the-money scenarios they restrict the region over which the conditional
expectation must be estimated, thereby considerably reducing the needed number of basis func-
tions. Moreover, they also find that the estimates have usually lower standard errors. We denote
the algorithm of Longstaff and Schwartz (2001) the LSM approach and refer to the algorithm that
uses the option values of the subsequent period for regression as the standard approach.

It is the main purpose of this paper to analyze the approach of Longstaff and Schwartz (2001)
by comparing the estimate with results obtained from the standard approach. We also analyze
the effect of using only in-the-money option scenarios for regression rather than all scenarios.
Hence, we compute an option value Clsmi using the original LSM algorithm, which is based on
in-the-money scenarios and another estimate C'sm2 that considers all scenarios for regression.
The option price obtained from a nested Monte Carlo simulation serves as a benchmark which
allows us to compare the various least squares Monte Carlo algorithms. Given a downward and an
upward biased option value resulting from the nested Monte Carlo simulation we compute a 95%
confidence interval such that we can judge the statistical precision of the other estimates. Hence,
we statistically test if the various estimators of the embedded option value are within the option
bounds at a 95% confidence level. We compute the option values on a quarterly basis over the
floater’s lifetime and for a set of various scenarios introduced in Section 4.1. As the scenario base

case we use the market data of the issue date on October 10, 2005.

5 Empirical Results

5.1 The Inherent Risk of a Callable Snowball Floater

A snowball floater is a risky instrument due to the additional risk of stochastic rather than fixed

coupons and the potential prepayment risk. Hence, the price depends on the expected future
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coupon payments and the value of the embedded Bermudan option. In the following, we discuss
the functionality and the risk factors by means of a time-series and scenario analysis.

Table 3 shows the quarterly estimated values of the callable snowball floater ‘7”"’6, the cor-
responding non-callable snowball floater VNC and the embedded call-back option Cmme over the
floater’s lifetime, starting on October 10, 2005 and ending on April 10, 2009, when the floater
finally was called back by the issuer. The estimates Vnme and C"™¢ are based on an elaborate
nested Monte Carlo simulation with 1000 paths. The bank issued the floater at 100.15% in Octo-
ber 10, 2005 which is slightly lower than the estimated price of 100.89%.° Its value then steadily
decreased because market participants expected interest rates to rise during the market upturn.
Around the third quarter of 2007, when the floater value was at its lowest (77.40%), it gained
again in value until the second quarter of 2009, where the issuer finally exercised the option and
called back the floater at par. The table also reveals that the non-callable snowball floater yne
shows a very similar pattern, albeit the price is somewhat larger. The difference amounts to the
value of the embedded call-back option. Initially, the value of the option was 9.17% but then
almost got worthless in the middle of the lifetime because of the very low coupon payments the
issuer had to pay. From the third quarter of 2007 on, its value increased until the second quarter
of 2009, where the option value reaches its maximum at 19.53%.

The relation between option price, coupon size and the 6-month EURIBOR is shown in Figure
1. In the first year the investor receives rather large fixed coupons of 5.25% p.a. However, after
another year the coupon immediately melts down to zero due to the rise in interest rates. For the
same reason, the embedded option value markedly decreases, because the incentive for the issuer
to buy back the floater is low in a high interest rate environment. In the middle of sub-prime
crisis, when Lehman Brothers defaulted in September 2008, central banks dramatically lowered
key interest rates to stimulate economic growth, which led the 6-month EURIBOR fall from 5.43%
on October 10, 2008 to 1.62% on April 10, 2009 and, hence, made investments in snowball floaters
more attractive.! We observe that in April 2009 investors received a positive coupon payment
again and also the embedded option markedly gained in value. This indicates that the market
anticipated a lower interest rate level. However, the issuer of the snowball floater exercised the
option in April 2009 and called back the floater at par.

We also conduct a scenario analysis to get further insights into the functionality and the risk of
the callable snowball floater. As the base case we use the market data at the issue date of October
10, 2005. In the first analysis we shift the forward rate curve parallel up and down by 25 and 50
bp, respectively. The results are reported in Table 4a. As expected, the value of the non-callable
as well as the callable snowball floater decreases when the forward rate curve is shifted upwards,
because, first, expected coupon payments decrease and, second, these coupons are discounted at
higher interest rates. We also find that for higher interest rate levels the value of the callable floater
is only slightly lower compared to the non-callable floater, indicating a low option value (2.46% for

a +50 bp shift). When the forward rate curve is shifted downwards, the value of the non-callable

9The discount is due to the fact that we do not account for correlated forward rates. The assumption of

independent forward rate dynamics increases the price of the callable snowball floater.
10The European Central Bank lowered key interest rates from 3.25% to 0.25% between October 2008 and April

2009.
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snowball floater considerably increases, because investors expect to receive larger future coupon
payments due to the floater’s payoff structure. Very similar, albeit far less pronounced, grows
the value of the callable snowball floater. Hence, the value of the embedded Bermudan option
increases substantially (28.88% for a —50 bp shift). This clearly highlights the downside risk of
the callable snowball floater and its limited upside potential to the investor. When interest rates
are large the coupon quickly diminishes which makes the floater worth less and leaves the investor
with a loss if he decides to sell off the instrument. On the other hand, when interest rates turn out
to be low, coupons quickly accumulate which is unfavorable for the issuer. Since the issuer must
pay larger coupons to the investor, it is more attractive for the issuer to terminate the contract
by exercising the call-back option. Hence, the option gains in value which means that the investor
faces larger prepayment risk.

The impact of a twist in the forward rate curve on the snowball floater price is reported in
Table 4b. As the pivot point we choose the 4-year forward rate, which corresponds to half the
time-to-maturity of the floater. We twist the curve up and down by 25 and 50 bp, respectively,
at the short end and observe that a down-twist of the curve increases the non-callable and the
callable snowball floater value. Expected short term coupon payments increase, while long-term
payments decrease, which eventually makes the floater more valuable. An up-twist of the forward
rate curve has a similar effect in the opposite direction, although slightly less pronounced. A
twisting of the forward rate curve obviously does not much change the value of the embedded
option, which roughly remains at a price level of 9.3%, since the callable and the non-callable
floater are affected similarly.

Finally, Table 4c shows the effect on the price when the volatility of the forward rates is scaled
by 150% and 50%. A higher forward rate volatility increases the price of the non-callable snowball
floater. The downside risk for the investor is limited because coupon payments are floored at
zero. Hence, high volatile forward rates increase the value of the non-callable floater due to the
asymmetric payoff structure. In contrast, the price of the callable floater changes only marginally
as indicated by the benchmark price, because the option is affected similarly as the non-callable
snowball floater by a change in the forward rate volatilities. Therefore, the callable snowball floater
is more sensitive to a change in the level of the forward rates and is much less affected by changes

in the forward rate volatilities.

5.2 Analysis of Various Basis Functions

An important issue when least squares Monte Carlo is used in dynamic programming is the specific
choice and the required number of basis functions to obtain a desired level of accuracy. In this
section we conduct an analysis using nine different sets of basis functions to value the callable
snowball floater. The estimation is based on the LSM algorithm, because Longstaff and Schwartz
(2001) provides a convergence criterion. This criterion gives guidance in choosing an appropriate
type and the required number of basis functions. Since their algorithm results in low biased
estimates of the option price the criterion works as follows: Simply increase the number of basis
functions until the estimate no longer increases. The criterion can also be used to choose between

different types of basis functions. We analyze this convergence criterion empirically on our specific
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callable snowball floater.

The results of the basis function analysis are reported in Table 5, which shows the quarterly
embedded option values between October 10, 2005 and April 10, 2009. The first column shows
the most restrictive set in terms of the number of basis functions, i.e. a linear combination of
two proxies: an estimate for the level and the slope of the interest rate curve. We find that this
set yields almost always the lowest option value and which is also considerably lower than the
benchmark price. Hence, it is not recommended to price interest rate instruments based solely
on the level and the slope of the interest rate curve as is often suggested in the literature. We
also see that a linear combination of simulated forward Libor rates or discount factors including
a constant is still not optimal on average compared to the other sets of basis functions. A further
increase in the number of basis functions by considering also second order terms in the functions
considerably improves the accuracy of the estimates. The results indicate that most of the time a
quadratic polynomial or a Fourier series yields the largest option values. A finding that was also
made in Longstaff and Schwartz (2001). However, it is not clear if these functions should evaluated
preferably on the forward Libor rates or discount factors, even though there is weak evidence that
forward Libor rates are slightly more appropriate. Interestingly, either the quadratic polynomial
or the Fourier series always outperforms the weighted Laguerre polynomial of order two.

This analysis makes clear that increasing the number of basis functions can significantly im-
prove the accuracy of the estimates. We find that the level and the slope of the interest rate curve
is the worst set and yields mostly the lowest option values. Using quadratic polynomials or Fourier
series of order two were the best choice in our analysis. Extending the polynomials to even higher
order might further improve accuracy but will also lower computational efficiency. We also find
that there is no specific type of basis function in our set that outperforms, i.e. results always in
the largest option value. Obviously, the best choice depends on the market environment, i.e. on
the forward rate curve and the forward rate volatilities. Hence, it is important to use the LSM

algorithm as a performance or convergence criterion.

5.3 Analysis of Least Squares Monte Carlo Algorithms

In this sub-section we focus our analysis on two different least squares Monte Carlo valuation
algorithms: the LSM algorithm where the ex post realized payoffs are regressed on basis functions
and the standard algorithm, which uses the estimated value functions of the subsequent period
for regression. To improve the efficiency of the least squares Monte Carlo algorithm Longstaff
and Schwartz (2001) suggest using only on in-the-money option scenarios. We show the impact
of this rather ad-hoc approach by comparing it with the results when all scenarios are considered
for regression. We start the analysis by first demonstrating the importance of decomposing a
callable instrument into a corresponding non-callable part and the embedded option and pricing
each part individually. At each point in time, we use the optimal choice of basis functions found
in Section 5.2 that maximizes the embedded option value. For comparing the various different
estimation approaches we compute a benchmark price for the option based on a nested Monte
Carlo simulation for which we also provide a 95% confidence interval.

The time-series of the quarterly estimated call-back option values between October 10, 2005
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and April 10, 2009 are given in Table 6. We observe that the option value obtained from a direct
estimation approach is, except for one case, well above the benchmark price. This is due to the
fact, that the regression for estimating the conditional expectation for continuation is not order
preserving and indicates the importance of separating the embedded option from the floater and
estimating each part separately. Note, that the latter approach is always preferable regardless
which estimation algorithm is used. We see that due to the large bias the estimate is mostly
significantly larger than the option price upper bound given a 95% confidence level. However, We
find that the price upper bound is only a strict upper bound for the least squares Monte Carlo
estimates based on the decomposition approach.

Comparing these estimates with each other, we observe that the standard estimator lies closer
to the benchmark price and, moreover, is in many cases not significantly outside the price bounds
of the nested Monte Carlo estimator given a 95% confidence level, indicating that the standard
estimator is more accurate. Interestingly, whenever the difference of C*t? to the benchmark
price is statistically significant we find that the estimates are lower than the benchmark price.
This indicates that not just the LSM but also the standard estimator is downward biased in our
time-series samples. The relative difference of the standard estimator to the benchmark price
in our time-series is on average 8% vs. 29% for the LSM estimate (based on C*™!). However,
the difference might be substantially as in, e.g., the fourth quarter of 2008, where it amounts
to more than 30% also for the standard estimate. It is unclear to us what causes such a large
deviance. Comparing the two LSM estimates with each other we find that the original LSM
estimate (élsml), which considers only in-the-money option scenarios for regression is always
larger. Hence, the option value is not just closer to the true option price but the estimation
approach is computationally also more efficient, since fewer observations are used for regression.
A t-test indicates that for lower option prices, as in the middle of the floater’s lifetime, the LSM
estimates are significantly different from each other. This makes perfectly sense because more
out-of-the-money scenarios are observed on these specific dates and, hence, both approaches are
based on rather different samples.

Table 7 reports the various estimates of the embedded Bermudan option for a set of different
scenarios, where the base case is the issue date, i.e. October 10, 2005. Regarding the accuracy of
our estimates we find that the standard errors are larger when the forward rate curve is shifted
downwards (see Table 7a). Lower interest rates result in higher coupons and, hence, more volatile
coupon payments. Table 7b provides the option values when the forward rate curve is twisted.
This has only a minor effect on the standard errors of the estimates. Finally, Table 7c reports the
option values when the forward rate volatilities are scaled by 150% or 50%. Clearly, more volatile
forward rates come along with higher standard errors for all estimators. According to Longstaff
and Schwartz (2001) estimates based on all simulated paths, and hence, not conditioning on
events of in-the-money options should result in higher standard errors. However, we do not make
this finding based on our empirical analysis. In the scenario analysis the standard errors of both
estimates are virtually identical, whereas in the time-series we even observe slightly lower standard
errors for the estimate that considers all paths. Comparing the standard errors of the LSM and

the standard estimators with each other, we observe slightly lower standard errors for O, Lower
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standard errors would be in favor for the standard estimator. However, considering the standard
errors for the estimate of the corresponding callable snowball floater, we find lower standard errors
for the LSM estimates (see Table 8). The variance of the non-callable floater and the embedded
option do not simply add up, but instead are positively correlated. The reason is that VNC and

the call option values are not independent, because they are based on the same simulated paths.

6 Conclusion

Callable snowball floaters are both path-dependent and early-exercise interest rate instruments.
Such products are usually priced using least squares Monte Carlo simulation, where the conditional
expected values of continuation are obtained by regression. In this paper we focus on a specific
least squares Monte Carlo (LSM) algorithm introduced by Longstaff and Schwartz (2001). The
difference to the standard approach discussed in Tsitsiklis and Van Roy (1999) is that in the LSM
approach conditional expectations are estimated by regressing ex post realized payoffs on the
current vector of state variables of in-the-money option scenarios, instead of regressing the option
values of all scenarios from the subsequent period. Longstaff and Schwartz (2001) point out that
their algorithm provides a useful convergence criterion because the obtained option values are less
than or equal to the values implied by the optimal stopping problem. This would suggest increasing
the number of basis functions and scenarios until the obtained estimate no longer increases.

The main objective of this paper was to compare the LSM approach with the standard approach
by applying both approaches on a specific callable snowball floater. In doing so, we obtained
estimates from an elaborate nested Monte Carlo simulation, which we used as a benchmark.
We also calculated a 95% confidence interval for the nested Monte Carlo simulation estimate.
Moreover, we computed a simple upper price bound for the embedded option value, conditional
on the knowledge of the simulated paths.

Our main findings of the empirical analysis are that the LSM estimate of the embedded op-
tion value might be substantially downward biased whereas the standard estimate is much more
accurate and closer to the benchmark price. We also find that there is no optimal type of basis
function which can always be recommended when pricing complex interest rate instruments such
as callable snowball floaters. Instead, we recommend choosing the most appropriate basis func-
tion based on the LSM algorithm, such that the embedded option value is maximized. Given the
optimal basis function, the price of the instrument should then be obtained using the standard
approach, which turns out to be less biased. Moreover, we demonstrated the necessity of decom-
posing callable instruments into a non-callable instrument and the embedded option and pricing
each part individually. We showed that a direct estimation approach leads to option estimates
that are considerable upward biased, mostly even larger than the obtained option price upper
bound. We also find that for the least squares Monte Carlo estimation approach the standard
errors of the callable instrument can be reduced if the embedded option is valued based on the
same simulated paths as the non-callable instrument. These are important issues to consider for

pricing interest rate instruments, particularly for callable snowball floaters.
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Figure 1: This figure shows the relation between the quarterly estimated embedded option value
of a callable snowball floater, the semi-annual coupon payments and the quarterly 6-month EU-
RIBOR between October 10, 2005 and April 10, 2008. The option value is given on the left, the
coupon payments and the 6-month EURIBOR on the right axis.

v 3,4 56 7,8 9,10 11,12 13,14 15,16
r; (% p.a.) 2.00 250 3.00 350 4.00 4.50 5.00

Table 1: This table reports the fixed interest rate premia r(7;) at the coupon payment dates T,
i = 3,...,16 of the callable snowball floater under consideration. For ¢ < 3 the issuer receives
fixed coupon payments of 5.25% p.a.
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Type Basis Functions

\ij(smvsm_Lia) 17 Sm; Sm_Li

\ij(Lly m) 13 Li,. m

\I/IZJ(LZ ,,,,, m) 1, L., my Lzz,“.,m

VYL m) exp(—Li,....m/2), exp(—Li,.. .m/2)(1 — Li,....m),
exp(_Li,...,m/z)(l - 2Li,...,m + Lg77m/2)

\Ilg(Lzm) 1, cos(Li,...m), sin(L;, .. m), cos(2L;, . m), Sin(2L; . )

\IJIIJ(DZ,JTL) 17 DZ, m

\pg(D'L,,m) 17 Di,...,m» DiQ,__.7m

\IJEUZ(DZ',. ,m) eXp(_Di,...,m/Q)v eXP(—Di,...,m/Q)(l - Di,...,m)a
eXp(fDi,...,m/2)(1 - 2Di,...,m + D?”m/2)

\Ilé(Dzm) 1, cos(D;,...m), sin(D;....m), cos(2D; .. m), sin(2D;,. . m)

Table 2: Various sets of basis functions that we use for least squares Monte Carlo simulation. The

set of basis function ¥} denotes a linear combination, ¥% a quadratic polynomial, ¥

wl
2

a weighted

Laguerre polynomial, and \Ilé a Fourier series of order 2. The basis functions are evaluated on the
level and the slope of the interest rate curve, where S,,, denotes the swap rate with maturity 7,,,
the current forward Libor rates L; .. », or discount factors D; ., available at time T;.

VNC ynme cnme
Q4-2005 110.141 100.887 9.168
Q1-2006 102.685 97.309 5.198
Q2-2006 84.573 86.616 0.646
Q3-2006 82.052 84.305 0.398
Q4-2006 84.326 85.838 1.109
Q1-2007 81.763 83.736 0.597
Q2-2007 79.315 80.650 0.305
Q3-2007 75.827 77.399 0.055
Q4-2007 78.494 78.677 0.128
Q1-2008 81.258 81.214 0.264
Q2-2008 83.996 83.477 0.537
Q3-2008 79.779 79.586 0.194
Q4-2008 86.568 85.5564 1.014
Q1-2009 107.287 97.319 9.894
Q2-2009 120.105 101.087 19.529

Table 3: This table reports the quarterly estimates of the non-callable snowball floater V¢ the
callable snowball floater V"¢ and the embedded option C™¢ between October 10, 2005 and
April 10, 2009. The callable snowball floater and the embedded option value are estimated based
on a nested Monte Carlo simulation with 1000 paths, the non-callable snowball floater is estimated
based on standard Monte Carlo simulation with 10000 paths. All numbers are given in percentage

points.
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(a) Shifting the forward rate curve.

VNC V/ nme gnme
+50 bp 94.746 92.009 2.459
+25 bp 101.249 96.617 4.496
+0 bp 110.141 100.887 9.168
—25 bp 121.022 103.454 17.199
—50 bp 133.684 104.531 28.875

(b) Twisting the forward rate curve.

VNC ynme gnme
+50 bp 108.994 99.291 9.308
+25 bp 109.380 100.145 9.296
+0 bp 110.141 100.887 9.168
—25 bp 110.914 101.644 9.328
—50 bp 111.752 102.251 9.518

(c) Scaling of the forward rate volatilities.

VNC’ 1/ nmec gmnme
150% 114.166 100.862 12.939
100% 110.141 100.887 9.168
50% 107.766 101.540 6.097

Table 4: This table reports the estimates of the non-callable snowball floater V¥ the callable
snowball floater V"¢ and the embedded option C™¢ for various scenarios. The base case of the
scenario analysis is given by the market data in October 10, 2005. Panel (a) reports the results
when the forward rate curve is parallel shifted up and down by 25 and 50 bp, respectively. Panel
(b) shows the results when the forward rate curve is twisted up and down by 25 and 50 bp at the
short end, using the 4-year forward rate as the pivot point. In Panel (¢) we report the results when
the forward rate volatilities are either scaled up by 150% or down by 50%. The callable snowball
floater and the embedded option value are estimated based on a nested Monte Carlo simulation
with 1000 paths, the non-callable snowball floater is estimated based on standard Monte Carlo
simulation with 10000 paths. All numbers are given in percentage points.
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anmc adir astd alsml alst aup

Q4-2005 [7.586; 9.168; 10.742] 11.992 8.741*  8.480* 8.438* 11.186
(0.137) (0.021) (0.033) (0.034) (0.109)

Q1-2006 [3.924; 5.198; 6.446] 8.115  5.175* 5.102* 5.023* 6.740
(0.107) (0.010) (0.030) (0.030) (0.071)

Q2-2006 [0.549; 0.646; 0.737] 1.171 0.656*  0.453 0.409 0.756
(0.048) (0.001) (0.007) (0.007) (0.015)

Q3-2006 [0.346; 0.398; 0.448] 0.645  0.355* 0.252  0.228  0.452*
(0.041) (0.000) (0.005) (0.005) (0.011)

Q4-2006  [0.934; 1.109; 1.276] 1.646  1.134* 0912 0.847  1.309
(0.049) (0.002) (0.011) (0.010) (0.020)
Q1-2007  [0.520; 0.597; 0.672] 0.885  0.601* 0.444 0403  0.681*
(0.040) (0.001) (0.007) (0.006) (0.012)
Q2-2007  [0.288; 0.305; 0.325] 0445 0.286 0.193 0.175  0.315*

(0.031) (0.001) (0.004) (0.004) (0.007)
Q3-2007  [0.053; 0.055; 0.058] 0.075* 0.042 0.022 0.020 0.060*
(0.024) (0.000) (0.001) (0.001) (0.003)

Q4-2007  [0.121; 0.128; 0.135] 0192 0.113 0.067 0.060 0.137*
(0.026) (0.000) (0.002) (0.002) (0.004)
Q1-2008  [0.249; 0.264; 0.281] 0431 0233 0.150 0.135  0.295
(0.034) (0.000) (0.004) (0.003) (0.008)
Q2-2008  [0.501; 0.537; 0.575] 0.843 0488 0.344 0315  0.594
(0.039) (0.001) (0.006) (0.006) (0.012)
Q3-2008  [0.184; 0.194; 0.205] 0.266 0.167 0.112 0.102 0.212
(0.033) (0.000) (0.003) (0.003) (0.006)
Q4-2008  [0.993; 1.014; 1.035] 1512 0682 0540 0496 1.155

(0.061) (0.002) (0.009) (0.008) (0.024)
Q1-2009  [9.785; 9.894; 10.004]  9.711* 9.418  9.385  9.380 10.397
(0.095) (0.013) (0.030) (0.030) (0.078)
Q2-2009  [19.049; 19.529; 20.049] 19.706* 19.638* 19.638* 19.638* 19.892*
(0.094) (0.023) (0.024) (0.024) (0.091)

Table 6: This table reports estimates for the embedded option value on a quarterly basis between
October 10, 2005 and April 10, 2009. The estimate C"™™¢ is obtained by a nested Monte Carlo
simulation and serves as a benchmark price. For this estimate we report a 95% confidence interval.
The estimate C'"P is an upper bound of the option price, which we obtain by conditioning on the
complete knowledge of the paths. All other estimates are based on least squares Monte Carlo
simulation. The estimate C%" is computed by directly solving the dynamic programming problem
on the callable snowball floater. The estimates CStd C’lsml, and C*™? are all obtained by first
decomposing the floater into a non-callable part and the embedded option and estimating each
part individually. The difference between these estimates is that C** yses option values of the
subsequent period for regression, whereas the C*™! and C*™? are based on a specific algorithm
introduced in Longstaff and Schwartz (2001). The former uses only in-the-money scenarios for
regression, the latter all scenarios. Estimates which are not significantly outside of the lower
and the upper bound of the benchmark at a 95% confidence level are marked with an asterisk.
Standard errors are reported in parenthesis and all numbers are given in percentage points.



(a) Shifting the forward rate curve.
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anmc 6dir astd alsml alst éup

+50 bp [1.855; 2.459; 3.038] 4.546 2.375* 1.936* 1.797 3.256
(0.093)  (0.005)  (0.018)  (0.018)  (0.050)

+25 bp [3.418; 4.496; 5.550] 7.402 4.301* 3.731* 3.548* 5.981
(0.111)  (0.009)  (0.024)  (0.024)  (0.074)
+0 bp [7.586; 9.168; 10.742]  11.992 8.741* 8.480* 8.438* 11.186
(0.137)  (0.021)  (0.033)  (0.034)  (0.109)
—25 bp  [15.445; 17.199; 18.963] 18.536* 17.818* 17.881* 17.879* 19.513
(0.154)  (0.030)  (0.032)  (0.032)  (0.138)
—50 bp  [27.167; 28.875; 30.595] 30.344* 30.157* 30.157* 30.157* 30.732
(0.159)  (0.030)  (0.030)  (0.030)  (0.152)
(b) Twisting the forward rate curve.

énmc édir éstd alsml alsm,? aup

150 bp  [7.496; 9.308; 11.112] 12.889 9.775%  9.458* 9.392*  11.652
(0.130)  (0.017)  (0.034)  (0.034)  (0.100)

+25 bp  [7.595; 9.296; 10.991] 12.288 9.075* 8.750* 8.685* 11.224
(0.129)  (0.018)  (0.034)  (0.034)  (0.101)
+0bp [7.586; 9.168; 10.742] 11.992 8.741* 8.480* 8.438* 11.186
(0.137)  (0.021)  (0.033)  (0.034)  (0.109)
—25 bp  [7.865; 9.328; 10.785] 11.566 8.577* 8.346* 8.286* 11.234
(0.138)  (0.024)  (0.034)  (0.034)  (0.112)
—50 bp [8.134; 9.518; 10.895] 11.178 8.725* 8.604* 8.549* 11.455
(0.142)  (0.027)  (0.033)  (0.034)  (0.118)
(c) Scaling of the forward rate volatilities.

anmc adir éstd é\vlsml élst aup

150% [10.717; 12.939; 15.158] 15.955 12.921* 12.591* 12.509* 15.792
(0.178)  (0.031)  (0.048)  (0.050)  (0.149)

100% [7.586; 9.168; 10.742]  11.992 8.741* 8.480* 8.438* 11.186
(0.137)  (0.021)  (0.033)  (0.034)  (0.109)

50% [5.226; 6.097; 6.967] 8.225 5.654* 5.575* 5.563* 7.257
(0.082)  (0.012)  (0.018)  (0.019)  (0.062)

Table 7: This table reports estimates for the embedded option value on a quarterly basis for
various scenarios. The estimate C"™ is obtained by a nested Monte Carlo simulation and serves
as a benchmark price. For this estimate we report a 95% confidence interval. The estimate C“? is
an upper bound of the option price. All other estimates are based on least squares Monte Carlo
simulation. The estimate C'%" is computed by directly solving the dynamic programming problem.
The base case of the scenario analysis is given by the market data in October 2005. Panel (a)
reports the results when the forward rate curve is parallel shifted up and down by 25 and 50 bp,
respectively. Panel (b) shows the results when the forward rate curve is twisted up and down by
25 and 50 bp at the short end, using the 4-year forward rate as the pivot point. In Panel (c) we
report the results when the forward rate volatilities are either scaled up by 150% or down by 50%.
Estimates which are not significantly outside of the lower and the upper bound of the benchmark
at a 95% confidence level are marked with an asterisk. Standard errors are reported in parenthesis
and all numbers are given in percentage points.
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17NC {7 nme 17 dir 17 std 17lsm1 {7lsm2 {7 low
\%4 \%4 V % \% \% V

Q4-2005 110.141 100.887 98.149 101.400 101.661 101.703 98.955
(0.142) (0.062) (0.011) (0.134) (0.126) (0.125) (0.047)
Q1-2006 102.685 97.309 94.570 97.510 97.583 97.662 95.945
(0.110) (0.067) (0.009) (0.109) (0.098) (0.098) (0.053)
Q2-2006 84.573 86.616 83.402 83.917 84.121 84.164 83.818
(0.050) (0.047) (0.007) (0.050) (0.047) (0.048) (0.041)
Q3-2006 82.052 84.305 81.407 81.697 81.799 81.824 81.600
(0.041) (0.034) (0.005) (0.041) (0.040) (0.040) (0.035)
Q4-2006 84.326 85.838 82.680 83.192 83.414 83.479 83.018
(0.051) (0.044) (0.007) (0.051) (0.046) (0.047) (0.037)
Q1-2007 81.763 83.736 80.878 81.161 81.319 81.360 81.081
(0.040) (0.030) (0.005) (0.040) (0.038) (0.038) (0.032)
Q2-2007 79.315 80.650 78.870 79.029 79.122 79.141 79.000
(0.032) (0.016) (0.006) (0.032) (0.031) (0.031) (0.028)
Q3-2007 75.827 77.399 75.752 75.785 75.806 75.808 75.767
(0.024) (0.012) (0.004) (0.024) (0.024) (0.024) (0.023)
Q4-2007 78.494 T78.677 78.302 78.382 78.427 78.434 78.358
(0.028) (0.011) (0.006) (0.028) (0.027) (0.027) (0.025)
Q1-2008 81.258 81.214 80.826 81.024 81.108 81.123 80.962
(0.035) (0.011) (0.005) (0.035) (0.034) (0.034) (0.031)
Q2-2008 83.996 83.477 83.153 83.508 83.652 83.681 83.402
(0.041) (0.017) (0.007) (0.041) (0.039) (0.039) (0.033)
Q3-2008 79.779 79.586 79.512 79.612 79.667 79.676 79.567
(0.034) (0.013) (0.006) (0.034) (0.033) (0.033) (0.031)
Q4-2008 86.568 85.554 85.056 85.886 86.028 86.072 85.413
(0.064) (0.006) (0.011) (0.064) (0.061) (0.061) (0.048)
Q1-2009 107.287 97.319 97.576 97.869 97.902 97.907 96.890
(0.097) (0.009) (0.006) (0.094) (0.082) (0.082) (0.028)
Q2-2009 120.105 101.087 100.399 100.467 100.466 100.466 100.212
(0.095) (0.016) (0.003) (0.086) (0.085) (0.085) (0.010)

Table 8: This table reports an estimate of the non-callable snowball floater value VNC and various
estimates for the callable snowball floater on a quarterly basis between October 10, 2005 and
April 10, 2009. The estimate V™™¢ is obtained by a nested Monte Carlo simulation and serves
as a benchmark price. The estimate Viow ig a lower bound of the floater, which we obtain by
conditioning on the complete knowledge of the paths. All other estimates are based on least
squares Monte Carlo simulation. The estimate V%" is computed by directly solving the dynamic
programming problem on the callable snowball floater. The estimates V5%, V&™1 and V™2 are
all obtained by first decomposing the floater into a non-callable part and the embedded option
and estimating each part individually. The difference between these estimates is that Vstd uses
all option values of the subsequent period for regression, whereas the V™! and V*™? are based
on the specific algorithm introduced in Longstaff and Schwartz (2001). The former uses only
in-the-money scenarios for regression, the latter all scenarios. Standard errors are reported in
parenthesis and all numbers are given in percentage points.
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