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Optimal Investment and Premium Policies under
Risk Shifting and Solvency Regulation

Abstract

Risk shifting is a well-known agency problem in corporate finance

which also exists between policyholders and shareholders of insurance

companies. Shareholders engage in excessive risk taking at the expense of

policyholders who, in turn, are less willing to pay for insurance coverage.

Solvency regulation addresses this incentive problem by restricting the set

of investment strategies and premium policies.

We first characterize Pareto optimal investment and premium policies

and provide necessary and sufficient conditions for their existence and

uniqueness. We then show that if shareholders cannot credibly commit to

an investment strategy before policies are sold, they pursue an investment

strategy that is either most risky or not risky at all. Last, we specify the

conditions under which solvency regulation, such as Solvency II or the

Swiss Solvency Test, mitigates the inefficiency of the risk shifting problem.

Keywords: Risk Shifting, Insurance, Regulation, Pareto Optimality
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1 Introduction

Risk shifting is a well-known agency problem in corporate finance between share-

holders and creditors of a corporation (Jensen and Meckling [8]). The limited

liability protection provides incentives for shareholders to overinvest in risky

projects at the expense of creditors. If shareholders cannot credibly commit

not to undertake those projects, creditors demand an appropriate interest rate

differential which reflects the agency cost.

Policyholders of a stock insurance company face a situation similar to credi-

tors of a corporation. By paying premiums, they provide capital which is senior

to equity but under the investment discretion of shareholders who face limited

liability. Policyholders are averse to excessive investment risk for two reasons.

First, equivalent to creditors, they hold a short position of the default put op-

tion. Second, an increased risk of insolvency reduces the value policyholders

attach to the insurance protection. This implies a trade-off for shareholders

between risk taking and the total capital available for investment. While exces-

sive risk taking serves the shareholders’ incentive to increase the value of their

position, the increased risk of insolvency reduces the premium policyholders are

willing to pay.

In this context, we characterize the set of Pareto optimal investment strate-

gies and premium policies. We show that, for any policyholders’ or shareholders’

reservation utility level, there exists a Pareto optimum and, under some mild as-

sumption on the potential correlation between investment returns and insurance

losses, it is unique. Moreover, we specify the necessary and sufficient condition

for the Pareto optimum.

We then investigate the risk shifting problem between shareholders and pol-

icyholders, that is, the situation in which shareholders cannot credibly commit

to a specific investment strategy before policies are sold and premiums are paid.
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We show that the risk shifting problem admits only boundary solutions, i.e.

either most excessive investment risk or no investment risk at all. The possibil-

ity of the latter solution has to do with the fact that the shareholder’s limited

liability put option has a random strike, namely insurance losses, which can be

correlated with investment returns.

The Pareto suboptimality of the risk shifted solution justifies regulation that

imposes a constraint on the set of possible investment strategies and premium

policies. We model the regulatory constraint by some general convex risk mea-

sure and characterize the corresponding solution. We show that there exists

a unique investment and premium policy that solves the risk shifting problem

under the regulatory constraint. Moreover, we characterize the scenarios under

which the regulatory constraint helps to mitigate the inefficiency of the risk

shifting problem. Last, we calibrate our model to an European Economic Area

non-life insurer average portfolio taken from the QIS3 (Quantitative Impact

Study 3) Benchmarking Study [5] of the Chief Risk Officer Forum under the

Solvency II standard model [3, 4] and illustrate our analytical results.

Our paper contributes to the understanding of conflicts of interest between

shareholders and policyholders of a stock insurer. Mayers and Smith [10], [11]

discuss an agency problem in the context of dividend policies. After policies

have been sold, shareholders have an incentive to increase the value of their

claim by raising dividends at the expense of policyholders. They argue that the

mutual organizational form of an insurance company can help internalize this

agency problem. Doherty [6] shows how an increase in the risk structure of

the insurer’s asset portfolio increases the shareholders’ position at the expense

of policyholders. We contribute to this literature by providing a formal model

to investigate this conflict of interest under the Pareto optimality condition,

without and with the incentive problem, and examine the role of regulation in
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reducing the agency cost associated with this incentive problem.

We also contribute to the literature that analyzes the role of regulation in

insurance markets. McCabe and Witt [12] develop a model for a monopolistic in-

surer that is exposed to insurance risk and market risk. The firm has to trade off

risk and return under the regulatory constraint that the insolvency probability

is below a certain threshold. While the firm is free to choose an insurance pre-

mium per standard exposure unit, the demand function for insurance is assumed

to be independent of the firm’s probability of insolvency. Borch [1] discusses

the necessity of insurance regulation and argues it depends on the ”patience” of

shareholders. Regulation might only be necessary if shareholders are impatient

and interested in quickly paying out dividends. Under CAPM assumptions,

Munch and Smallwood [14] analyze the optimal amount of shareholder capital

and investment risk of an insurance company. For the case with limited liability

in an unregulated market, they impose the assumption that shareholders are re-

stricted from investing in risky assets and that insurance losses are uncorrelated

with the return of the market portfolio. Under these assumptions, the optimal

amount of shareholder capital is either zero or infinitely large. They argue that,

for zero shareholder capital and low insurance premiums, solvency regulation

may reduce the probability of insolvency. Finsinger and Pauly [7] extend the

model of Munch and Smallwood [14] by investigating the long run equilibrium of

premiums and reserves. Still, shareholders are restricted from investing in risky

assets and the premium paid by policyholders is independent of insolvency risk.

They conclude that if market risk is uncorrelated with insurance risk, regulation

of insurance companies may be unnecessary. MacMinn and Witt [9] develop a

model for a risk-averse insurance company which sets the optimal investment

policy in risky assets and underwriting activity that maximizes its expected

utility of profits. Investment and insurance risk is assumed to be independent
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and premiums paid by policyholders are independent of insolvency risk. In this

model, the authors discuss the impact of three regulatory schemes on optimal

investment and underwriting activity. Although all of the above papers exam-

ine the impact of regulatory constraints on insurance markets, none develops a

justification for regulation. Rees et al. [15], in fact, argue that if policyholders

are fully informed about the insurer’s insolvency risk then regulation serves no

purpose.

We contribute to the papers above in several dimensions. In our model,

shareholders have access to the stock market, policyholders are perfectly in-

formed about the investment strategies of shareholders, and premiums therefore

depend on the investment strategy and vice versa. Moreover, investment risk

and insurance losses are allowed to be stochastically dependent. Then, without

risk shifting and regulation, we characterize optimal investment strategies and

premium policies based on the Pareto criterion. Furthermore, we introduce the

risk shifting problem between shareholder and policyholders and characterize

the solution without regulation. Last, this incentive problem justifies the regu-

latory role in insurance markets and we characterize the corresponding solution.

The paper is structured as follows. We set up our model in Section 2 and

characterize the set of Pareto optimal policies in Section 3. In Section 4, we

examine the risk shifting problem and solvency regulation. In Section 5, we

calibrate our model to data and illustrate our results. We conclude in Section 6.

2 Setup

We consider a one-period economy with two agents, a policyholder and a share-

holder. The policyholder is endowed with some initial wealth w0 and faces

a random loss X. His preferences are characterized by some Bernoulli utility

function u : R→ R.
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The shareholder is risk-neutral. He owns a stock insurance company with

initial capital c0 > 0 which offers full insurance coverage for X in exchange

for a premium p ≥ 0. The shareholder can invest a fraction α ∈ [0, 1] of the

total capital, c0 + p, in the stock market which yields a random return R. The

risk-free interest rate is assumed to be zero or, equivalently, all values are in

units of the risk-free numeraire. The end of the period surplus is thus given by

(c0 + p)(1 + αR)−X.

If the surplus is negative, the insurance company is insolvent and the share-

holder is protected by limited liability. In this case, the policyholder receives

the remaining assets, (c0 +p)(1+αR). Consequently, the terminal payoff to the

shareholder equals

((c0 + p)(1 + αR)−X)+

while the terminal wealth of the policyholder is given by

w0 − p− (X − (c0 + p)(1 + αR))+.

The corresponding utility of the shareholder and the policyholder as a func-

tion of α and p is

USH(α, p) = E
[
((c0 + p)(1 + αR)−X)+

]
and

UPH(α, p) = E
[
u
(
w0 − p− (X − (c0 + p)(1 + αR))+

)]
,

respectively.

Assumption 2.1. Throughout the paper, we make the following standing as-

sumptions:

(i) u is increasing, concave, and twice differentiable on R with u′ > 0, u′′ < 0,
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limx→−∞ u(x) = −∞ and limx→−∞ u′(x) =∞.

(ii) (X,R) admits a jointly continuous density function f(x, r) in R2 with

E [1 + αR | X ≤ c0 + p] > 0 for all (α, p) ∈ [0, 1]× R+.1

(iii) The solvency event S(α, p) = {(c0 + p)(1 + αR) ≥ X} has positive proba-

bility, P[S(α, p)] > 0, for all (α, p) ∈ [0, 1]× R+.

(iv) u and f are such that USH and UPH are real-valued and differentiable in

some neighborhood of [0, 1]×R+, and the following formal manipulations

(e.g. changing the order of differentiation and integration) are meaning-

ful.2

3 Optimal Investment and Premium Policies

In this setup, we now examine optimal investment and premium policies (α, p)

in the following sense:

Definition 3.1. The policy (α∗, p∗) ∈ [0, 1]×R+ is Pareto optimal if there does

not exist any other policy (α, p) ∈ [0, 1]×R+ such that USH(α, p) ≥ USH(α∗, p∗)

and UPH(α, p) ≥ UPH(α∗, p∗) with strict inequality for at least one of them.

We first show that Pareto optimality is equivalent to a constrained optimiza-

tion problem.

Theorem 3.2. For any policy (α∗, p∗) ∈ [0, 1]×R+, the following are equivalent:

(i) (α∗, p∗) is Pareto optimal.

1This condition is needed in Lemma A.2. It is automatically satisfied if R ≥ −1 a.s.
2For example, it is sufficient (but not necessary) that f has compact support.
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(ii) (α∗, p∗) solves the constrained optimization problem

max
(α,p)∈[0,1]×R+

USH(α, p)

s.t. UPH(α, p) ≥ γPH
(1)

for the policyholder’s reservation utility level γPH = UPH(α∗, p∗).

(iii) (α∗, p∗) solves the constrained optimization problem

max
(α,p)∈[0,1]×R+

UPH(α, p)

s.t. USH(α, p) ≥ γSH
(2)

for the shareholder’s reservation utility level γSH = USH(α∗, p∗).

Moreover, in either of the above optimization problems, (1) and (2), the respec-

tive reservation utility constraint is binding.

Proof. (i)⇒(ii): We argue by contradiction, and assume that there exists a

policy (ᾱ, p̄) such that USH(ᾱ, p̄) > USH(α∗, p∗) and UPH(ᾱ, p̄) ≥ γPH . Then

(α∗, p∗) is not Pareto optimal.

(ii)⇒(i): Again by contradiction, we assume that (α∗, p∗) is not Pareto op-

timal. Hence there exists some policy (ᾱ, p̄) such that USH(ᾱ, p̄) ≥ USH(α∗, p∗)

and UPH(ᾱ, p̄) ≥ γPH with strict inequality for at least one of them. If

USH(ᾱ, p̄) > USH(α∗, p∗) then clearly (α∗, p∗) does not solve (1). If UPH(ᾱ, p̄) >

γPH then there exists a neighborhood O of (ᾱ, p̄) such that UPH(α, p) ≥ γPH for

all (α, p) ∈ O. Moreover, by Lemma A.2 below, ∇USH(ᾱ, p̄) 6= 0. We conclude

that there exists some (α, p) ∈ O with USH(α, p) > USH(ᾱ, p̄) ≥ USH(α∗, p∗).

Hence, again, (α∗, p∗) does not solve (1). Moreover, this shows that the reser-

vation utility constraint is binding.

The equivalence (i)⇔(iii) follows analogously.
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As for the existence and uniqueness of Pareto optimal policies, we have the

following two theorems.

Theorem 3.3. For any reservation utility level, γPH ∈ UPH([0, 1] × R+) or

γSH ∈ USH([0, 1] × R+), respectively, there exists at least one Pareto optimum

(α∗, p∗) ∈ [0, 1]× R+. It satisfies the first order condition

E
[
Ru′

(
w0 − p∗ − (X − (c0 + p∗)(1 + α∗R))+

)]

≤ 0, if α∗ = 0,

= 0, if 0 < α∗ < 1,

≥ 0, if α∗ = 1.

(3)

Moreover, for any α∗ ∈ [0, 1] there exists at most one Pareto optimum.

Proof. In view of Theorem 3.2, it is enough to consider the optimization prob-

lem (1). Denote by C = {UPH ≥ γPH} ⊂ [0, 1] × R+ the constraint set. For

existence of a Pareto optimum, we show that C is compact. Suppose, by con-

tradiction, there exists a sequence (αn, pn) in C with pn ≥ n for all n ∈ N.

Then

UPH(αn, pn) ≤ E [u (w0 − n)]→ −∞ for n→∞, (4)

which contradicts the fact that γPH ∈ R. Thus, since USH is continuous on

[0, 1]× R+, it attains a maximum on C.

Moreover, in view of Lemma A.2, USH(α, p) is strictly increasing in p, for

all α ∈ [0, 1]. Hence, for any fixed α ∈ [0, 1], there can be at most one Pareto

optimum.

For the derivation of the first order condition, it is convenient to introduce
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the following diffeomorphism:

[0, 1]× R+ → {(v, w) | 0 ≤ v ≤ w, w ∈ [c0,∞)}

(α, p) 7→ (v, w) = ((c0 + p)α, c0 + p).

Note that w is the total asset value of the insurer and v is the money invested

in the stock market. The corresponding utility of the shareholder and the poli-

cyholder as a function of the new coordinates (v, w) is

VSH(v, w) = E
[
(w + vR−X)+

]
VPH(v, w) = E

[
u
(
w0 + c0 − w − (X − w − vR)+

)]
,

(5)

so that VSH(v, w) = USH(α, p) and VPH(v, w) = UPH(α, p). For simplicity of

notation, we use the same letter S(v, w) = S(α, p) for the respective solvency

event.

We note, en passant, that VSH is a convex and VPH is a concave function

jointly in (v, w). In contrast, USH and UPH do not share these properties as

functions jointly in (α, p) in general (see Figure 4 in Appendix B).

As seen in (4) above, we have limw→∞ VPH(v, w) = −∞ for any v ∈ R+,

and, by Lemma A.3, ∂wVPH < 0. Hence, for any fixed γPH ∈ VPH({(v, w) |

0 ≤ v ≤ w, w ∈ [c0,∞)}), the implicit function theorem yields a continuously

differentiable function W : I → [c0,∞) on some interval I ⊂ R+ with v ≤W (v),

VPH(v,W (v)) = γPH , and

W ′(v) = − ∂vVPH(v,W (v))
∂wVPH(v,W (v))

=
E
[
Ru′(w0 + c0 −X + vR) 1S(v,W (v))c

]
u′(w0 + c0 −W (v))P [S(v,W (v))]

.

We now characterize the critical points for the shareholder utility function along
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the level curve (v,W (v)). A calculation shows

d

dv
VSH(v,W (v)) = ∂vVSH(v,W (v)) +W ′(v)∂wVSH(v,W (v))

= E
[
R 1S(v,W (v))

]
+

E
[
Ru′(w0 + c0 −X + vR) 1S(v,W (v))c

]
u′(w0 + c0 −W (v))

=
E [Ru′ (w0 + c0 −W (v)− (X −W (v)− vR)+)]

u′(w0 + c0 −W (v))
.

(6)

Hence any Pareto optimal (v∗, w∗) ∈ {(v, w) | 0 ≤ v ≤ w, w ∈ [c0,∞)} satisfies

E
[
Ru′

(
w0 + c0 − w∗ − (X − w∗ − v∗R)+

)]

≤ 0, if v∗ = w∗,

= 0 if 0 < v∗ < w∗,

≥ 0, if v∗ = 0.

This proves (3).

Theorem 3.4. Assume that

E [R | X ≤ c0 + p] > 0 for all p ∈ R+. (7)

Then, for any reservation utility level, γPH ∈ UPH([0, 1] × R+) or γSH ∈

USH([0, 1]× R+), respectively, there exists a unique Pareto optimum (α∗, p∗) ∈

[0, 1]× R+. Moreover, the first order condition (3) is also sufficient for Pareto

optimality of (α∗, p∗) ∈ [0, 1]× R+.

Remark 3.5. Assumption (7) states that the conditional expected return of the

stock market given small insurance losses is positive. From a risk management

point of view, it is important to note that this moderate assumption is compatible

with stress scenarios of negative expected returns under catastrophic insurance
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losses. A sufficient condition for (7) is

E [R | X = x] > 0 for all ess inf X < x < ess supX.

In particular, this sufficient condition holds if the stock market has a positive

unconditional expected return, E[R] > 0, and R and X are independent.

Proof. First, observe that (7) is equivalent to

E
[
R 1S(α,p)

]
> 0 for all (α, p) ∈ [0, 1]× R+. (8)

We continue our proof using the (v, w)-coordinates as introduced in the proof

of Theorem 3.3. Fix γPH ∈ VPH({(v, w) | 0 ≤ v ≤ w, w ∈ [c0,∞)}), and let

W : I → [c0,∞) be the corresponding level curve as in the proof of Theorem 3.3.

Suppose v∗ ∈ I is a critical point, d
dvVSH(v∗,W (v∗)) = 0. Then, in view of (6),

the second derivative of VSH(v,W (v)) at v∗ equals3

d2

dv2
VSH(v,W (v))|v=v∗ = −W ′(v∗)

u′′ (w0 + c0 −W (v∗)) E
[
R 1S(v∗,W (v∗))

]
u′(w0 + c0 −W (v∗))

+
E
[
R2 u′′ (w0 + c0 −X + v∗R) 1S(v∗,W (v∗))c

]
u′(w0 + c0 −W (v∗))

.

In view of Lemma A.3 and (8), we know that ∂vVSH > 0 and ∂wVSH > 0. By

the first equality in (6), we infer that W ′(v∗) < 0, and thus

d2

dv2
VSH(v,W (v))|v=v∗ < 0.

Hence any critical point v∗ ∈ I is a local maximum, and thus a global maximum

in I. We conclude that either VSH(v,W (v)) is strictly increasing in I, or strictly

decreasing in I, or attains a global maximum at a unique critical point v∗ in I

3The differentiation under the expectation sign is justified by Assumption 2.1, see the proof
of Lemma A.2 below.
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and is strictly increasing to the left and strictly decreasing to the right of v∗.

This proves the theorem.

4 Risk Shifting and Solvency Regulation

We now examine the situation in which the shareholder cannot credibly commit

to an investment policy α before the insurance premium p is paid. This incen-

tive problem, also known as risk shifting problem, is typically discussed in the

context of the financing of a corporation by shareholders and debt holders (see

Jensen and Meckling [8]).

In our setup, this can be formalized by the following constrained optimization

problem:

max
(α,p)∈[0,1]×R+

USH(α, p)

s.t. UPH(α, p) ≥ γPH ,

α ∈ arg maxα′ USH(α′, p)

(9)

for some policyholder’s reservation utility level γPH .

In view of (1), any solution of the risk shifting problem (9) is generically

Pareto suboptimal. Moreover, it is characterized as follows.

Theorem 4.1. For any policyholder’s reservation utility level γPH there exists

at most two solutions (ᾱ, p̄) in [0, 1] × R+ to (9). Any such solution satisfies

UPH(ᾱ, p̄) = γPH and ᾱ ∈ {0, 1} along with the first order condition

E
[
R 1S(ᾱ,p̄)

]
≤ 0, if ᾱ = 0,

≥ 0, if ᾱ = 1.
(10)

Moreover, under the policyholder’s outside option of not buying insurance, that

is, γPH = E [u(w0 −X)], there exists a solution.

14



Proof. By Lemma A.1, for any fixed p ∈ R+, we have arg maxα′ USH(α′, p) ⊂

{0, 1}. Moreover, the corresponding first order condition is

∂αUSH(α, p)


≤ 0, if α = 0 ∈ arg maxα′ USH(α′, p),

≥ 0, if α = 1 ∈ arg maxα′ USH(α′, p).

Hence ᾱ ∈ {0, 1}, and (10) follows from Lemma A.2. Further, by Lemma A.2

again, ∂pUSH(α, p) > 0 for all α ∈ [0, 1]. Hence, for any fixed α ∈ [0, 1], there

exists at most one solution of maxp∈R+ USH(α, p). We conclude that there exists

at most two solutions to (9), and the policyholder’s reservation utility constraint

is binding. The last statement follows since UPH(α, 0) ≥ E [u(w0 −X)] and

limp→∞ UPH(α, p) = −∞, for all α ∈ [0, 1].

It is interesting to note that ᾱ = 0 is a possible solution to the risk shifting

problem in general. This has to do with the fact that the shareholder’s limited

liability put option has a random strike, X, which can be correlated with R.

Intuitively, if the stock market risk R provides a hedge against insurance losses

X, then investing in the stock market might actually reduce the overall risk.

However, under the more stringent, but realistic assumption (7), see Remark 3.5,

we infer:

Corollary 4.2. If (7) holds, then the only possible solution (ᾱ, p̄) to the risk

shifting problem (9) is attained for ᾱ = 1. Moreover, (1, p̄) is Pareto optimal if

and only if

E
[
Ru′

(
w0 − p̄− (X − (c0 + p̄)(1 +R))+

)]
≥ 0.

Proof. This follows from (8), (10), and Theorem 3.4.

We now examine how solvency regulation can help mitigate the inefficiency
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of the investment and premium policy implied by the risk shifting problem. The

regulator assesses the riskiness of the annual loss

L(α, p) = c0 − ((c0 + p)(1 + αR)−X) = −(c0 + p)αR+X − p

by means of a risk measure ρ. The respective regulatory requirement is that the

available capital, c0, be greater than the required capital, ρ (L(α, p)):

ρ (L(α, p)) ≤ c0.

The risk shifting problem under this additional regulatory constraint is as follows

max
(α,p)∈[0,1]×R+

USH(α, p)

s.t. UPH(α, p) ≥ γPH ,

α ∈ arg maxα′ USH(α′, p)

s.t. ρ(L(α′, p)) ≤ c0

(11)

for some policyholder’s reservation utility level γPH .

Assumption 4.3. Throughout, ρ satisfies the following conditions:

(i) ρ is cash-invariant, that is, ρ(L + c) = ρ(L) + c for any constant cash

amount c ∈ R and random loss L.

(ii) ρ is convex, that is,

ρ(λL+ (1− λ)L′) ≤ λρ(L) + (1− λ)ρ(L′)

for all λ ∈ [0, 1] and random losses L, L′.

(iii) ρ(L(α, p)) is continuous in α ∈ [0, 1] for all p ∈ R+.
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These are standard assumptions for risk measures, see e.g. McNeil et al.

[13]. The cash-invariance property of ρ is motivated by its interpretation as

regulatory capital requirement. Adding a deterministic cash amount c to the

position, the capital requirement is reduced by the same amount.

The convexity of ρ is crucial for the constrained problem (11) to be well-

posed. See also Remark 4.5 below.

Property (iii) is of technical nature. It implies that

αρ(p) = sup {α ∈ [0, 1] | ρ(L(α, p)) ≤ c0}

satisfies either ρ(L(αρ(p), p)) = c0, or αρ(p) = 1 if ρ(α, p) ≤ c0 for all α ∈ [0, 1],

or αρ(p) = −∞ if ρ(α, p) > c0 for all α ∈ [0, 1].4 If the shareholder prefers

great α, that is, ∂αUSH > 0, then αρ(p) equals the arg max in the regulatory

constrained subproblem in (11) given that it is well-posed, that is, αρ(p) > −∞.

Here is our existence and uniqueness result for the regulatory constrained

risk shifting problem (11).

Theorem 4.4. Suppose (7) holds. Then, for any policyholder’s reservation util-

ity level γPH ∈ {UPH(αρ(p), p) | αρ(p) > −∞, p ∈ R+}, there exists a unique

solution (α̂, p̂) in [0, 1] × R+ to (11). It satisfies UPH(α̂, p̂) = γPH . Moreover,

ρ(L(α̂, p̂)) = c0 if and only if α̂ < 1.

Proof. We argue in the (v, w)-coordinates introduced in the proof of Theo-

rem 3.3, and define the corresponding regulator’s risk measurement function

VR(v, w) = ρ(−w − vR+X) = −w + ρ(−vR+X)

for 0 ≤ v ≤ w, w ∈ [c0,∞). It follows by inspection that VR(v, w) = ρ(L(α, p))−

c0, and thus VR(v, w) is jointly continuous in (v, w). Moreover, αρ(p) corre-

4Following the usual convention, we define sup ∅ = −∞.
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sponds to

vρ(w) = sup {v ∈ [0, w] | VR(v, w) ≤ 0} .

In view of Lemma A.3 and (8), we know that ∂vVSH > 0. Hence, any solution

(v̂, ŵ) to (11) must be of the form v̂ = vρ(ŵ).

We claim that vρ is a non-decreasing function on [c0,∞). Indeed, arguing

by contradiction, suppose that vρ(w′) < vρ(w) for some w′ > w. Then vρ(w) ∈

[0, 1] and there exists some v ∈ (vρ(w′), vρ(w)] with VR(v, w) ≤ 0. By cash-

invariance of ρ it follows VR(v, w′) = VR(v, w) + w − w′ < VR(v, w) ≤ 0, which

again implies v ≤ vρ(w′), a contradiction. Whence vρ is non-decreasing.

Moreover, since ρ and thus VR is convex, the function vρ : [c0,∞) →

[−∞,∞) is concave, and thus continuous on the interior of its domain (see

e.g. Rockafellar [16, Theorems 5.3 and 10.1]).

By assumption, there exists some w ∈ [c0,∞) with vρ(w) ∈ [0, w] and

VPH(vρ(w), w) ≥ γPH . Since also ∂wVSH > 0, we conclude that VSH(vρ(w), w)

is a strictly increasing continuous function in w ∈ [w,∞). As shown in (4),

the policyholder’s constraint set {VPH ≥ γPH} is compact in {(v, w) | 0 ≤

v ≤ w, w ∈ [c0,∞)}. Hence VSH(vρ(w), w) attains a unique maximum in some

ŵ ∈ [w,∞), and VPH(vρ(ŵ), ŵ) = γPH . Whence the theorem is proved.

Remark 4.5. We note that without convexity of ρ, the function vρ(w) and thus

VSH(vρ(w), w) may fail to be continuous in w. Therefore the maximum of (11)

may not be attained.

Whether or not the regulatory constraint helps to mitigate the inefficiency

of the risk shifting problem can now be decided from case to case. Since, in

view of Theorems 4.1 and 4.4, under the assumption of (7), the policyholder’s

reservation utility constraint is binding in either case, it is enough to compare

the shareholder’s utility as a function of α ∈ [0, 1] along the policyholder’s
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respective level curve. As we have seen at the end of the proof of Theorem 3.4,

this function is either strictly increasing, or strictly decreasing, or attains a

global maximum at a unique critical point α∗ ∈ [0, 1] and is strictly increasing

to the left and strictly decreasing to the right of α∗.

If the shareholder’s utility along the policyholder’s respective level curve is

strictly increasing in α, then

α̂ ≤ α∗ = ᾱ = 1.

Hence, solvency regulation can only be harmful.

If the shareholder’s utility along the policyholder’s respective level curve is

strictly decreasing in α, then

0 = α∗ ≤ α̂ ≤ ᾱ = 1.

Thus, regulation mitigates the inefficiency of the risk shifting problem.

Last, if the shareholder’s utility along the policyholder’s respective level

curve attains a global maximum at a unique critical point α∗ ∈ (0, 1) and is

strictly increasing to the left and strictly decreasing to the right of α∗, then

either

0 < α∗ ≤ α̂ ≤ ᾱ = 1

or

0 ≤ α̂ ≤ α∗ < ᾱ = 1.

In the first case, since the shareholder’s utility is strictly decreasing for all

α ≥ α∗, regulation mitigates the inefficiency of the risk shifting problem. In the

second case, the impact of the regulatory constraint is ambiguous. In particular,

a very tight solvency regulation might turn out to be harmful relative to the
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risk shifted solution.

5 Numerical Example

We calibrate our model to an European Economic Area non-life insurer average

portfolio taken from the QIS3 (Quantitative Impact Study 3) Benchmarking

Study [5] of the Chief Risk Officer (CRO) Forum. The stand alone capital re-

quirements5 for stock market investment and insurance risk under the Solvency

II standard model [3, 4] are

kmkt = 2508, kins = 4332.

Under Solvency II, the market investment and insurance risk are assumed to

have a linear correlation coefficient of 0.25. That is, the diversified total solvency

capital requirement equals

ktot =
√
k2
mkt + 2× 0.25× kmkt kins + k2

ins = 5522.

The Solvency II risk measure ρ is the value-at-risk, VaR99.5%, at the 99.5%

confidence level. Thus, the Solvency II stand alone capital requirement for

market risk is

kmkt = VaR99.5% [market loss = −(c0 + p0)α0R] (12)

for some representative premium p0 to be determined below, and the repre-

sentative investment policy α0 = 1/7.6 The Solvency II stand alone capital
5These figures are derived from the proportion splits of QIS3 capital charges as shown on

pages 39, 41, 43 in the document [5]. The capital requirements are thus normalized such that
the undiversified total solvency capital requirement (SCR) results in 100×100. The risk class
“default” is negligible and the market risk types other than “equity” have been omitted for
simplicity.

6This number is derived from annual financial statements of non-life insurers.
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requirement for insurance risk equals

kins = VaR99.5% [insurance loss = X − p0] . (13)

Moreover, we assume that available equals required capital

ktot = c0. (14)

It remains to specify the stochastic model for market investment and insurance

risk. We assume that

R = eY − 1 and X = eZ ,

where (Y,Z) is jointly normal distributed with mean (µY , µZ), standard devia-

tions σY , σZ , and linear correlation of −0.25. This yields an approximate linear

correlation of 0.25 between −R and X.

We calibrate the market risk parameters according to

E[R] = 0.04, var[R] = 0.162. (15)

This determines µY and σY . The insurance risk parameters are assumed to

satisfy the following premium calculation principle

p0 = E[X] +
√

var[X]. (16)

Equations (12)–(16) determine the model parameters µY , µZ , σY , σZ .

As for the policyholder’s utility function, we assume constant absolute risk
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aversion, that is, u(x) = −e−βx and thus

UPH(α, p) = −e−βw0 E
[
e−β(−p−(X−(c0+p)(1+αR))+)

]
.

By Lemma A.4, Assumption (7) is satisfied. In our numerical example,

Theorem 3.4, Corollary 4.2, and Theorem 4.4 imply that there exists a unique

Pareto optimal policy (α∗, p∗) in [0, 1] × R+, the risk shifted solution (ᾱ, p̄) is

attained at ᾱ = 1, and there exists a unique solution (α̂, p̂) in [0, 1]×R+ for the

regulated risk shifting problem.

We note that the value-at-risk, VaR99.5%, does not satisfy the convexity

property in Assumption 4.3 in general, see e.g. McNeil et al. [13]. However,

in our example it shows convex behavior for the relevant values of (α, p). For

comparison, we also consider the Swiss Solvency Test [2] regulatory risk measure,

which is the expected shortfall7, ES99%, at the 99% confidence level. Expected

shortfall satisfies all properties of Assumption 4.3.

For different degrees of risk aversion, β ∈ {10, 30, 70}, Figures 1–3 in Ap-

pendix B depict our numerical results in (α, p) where α is on the horizontal and

p on the vertical axis. The indifference curves of the shareholder and policy-

holder for different reservation utility levels γSH and γPH are labeled “IC Sh”

and “IC Ph”, respectively. The thick line plots the policies (α, p) that satisfy

the first order condition (3) for Pareto optimality, i.e. the tangency points of

the shareholder’s and policyholder’s indifference curves. The dotted and slash-

dotted lines are the boundaries of the regulatory constraints ρ (L(α, p)) ≤ c0

under the value-at-risk measure VaR99.5% and the expected shortfall measure

ES99%, respectively. The policies that are acceptable to the regulator are to

the north-west of these boundaries. The asterisk is the Pareto optimal policy

(α∗, p∗) under the policyholder’s outside option of not buying insurance, that

7Also known as conditional or tail value-at-risk.
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is, γPH = E [u(w0 −X)].

We observe that, with increasing degree of risk aversion β, the optimal in-

vestment α∗ in the stock market reduces while the optimal premium level p∗

increases. Moreover, in our example, the expected shortfall measure implies a

more stringent regulatory requirement than the one implied by the value-at-risk

measure. For lower degrees of risk aversion, β = 10 and β = 30, the Pareto

optimal policies (α∗, p∗) do not satisfy the regulatory constraints. For higher

degrees of risk aversion, e.g. β = 70, the regulatory requirements are fulfilled

for the policy (α∗, p∗).

Figure 4 in Appendix B shows a larger section of the (α, p)-plane for β = 30.

By A, B, C, and D we denote the Pareto optimal policy, the risk shifted solution,

and the two regulated risk shifted solutions, respectively.

Table 1 shows the values of the policy (α, p) and the implied utility of the

shareholders at the Pareto optimal policy, A, the risk shifted solution, B, and

the risk shifted solutions under the two regulatory regimes, C and D. We ob-

serve that solvency regulation improves efficiency in our example under the risk

shifting problem.

6 Conclusion

We investigate the following trade-off that shareholders of insurance companies

face when determining their investment strategy. On the one hand, a riskier

strategy increases the value of their position due to the limited liability protec-

tion. On the other hand, it reduces the capital available for investment, and

thereby the value of their position, since it reduces the premium policyholders

are willing to pay due to the increased insolvency probability.

We characterize investment and premium policies under Pareto optimality,

under the risk shifting problem, and under solvency regulation. In particular,
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we specify the conditions under which solvency regulation, by limiting the set

of possible investment and premium policies, reduces the inefficiency caused by

the risk shifting problem. However, we point out that very restrictive regulation

might actually backfire.

A Appendix: Lemmas

Lemma A.1. The shareholder’s utility function USH(α, p) is convex in p (in α)

for a fixed α (fixed p). The policyholder’s utility function UPH(α, p) is concave

in p (in α) for a fixed α (fixed p).

Proof. For fixed R = r and X = x, the function ((c0 + p)(1 + αR) − X)+ is

convex, and u (w0 − p− (X − (c0 + p)(1 + αR))+) is concave, in p (in α) for a

fixed α (fixed p). Taking expectation preserves these properties.

Lemma A.2. The derivatives of USH and UPH are given by:

∂αUSH(α, p) = (c0 + p)E
[
R 1S(α,p)

]
∂pUSH(α, p) = E

[
(1 + αR) 1S(α,p)

]
> 0

∂αUPH(α, p) = (c0 + p)E
[
Ru′(w0 − p−X + (c0 + p)(1 + αR)) 1S(α,p)c

]
∂pUPH(α, p) = −u′(w0 − p)P [S(α, p)]

+ αE
[
Ru′(w0 − p−X + (c0 + p)(1 + αR)) 1S(α,p)c

]
for all (α, p) ∈ [0, 1]× R+.
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Proof. We can write

USH(α, p) =
∫ ∞
−∞

∫ (c0+p)(1+αr)

−∞
((c0 + p)(1 + αr)− x) f(x, r) dx dr

UPH(α, p) =
∫ ∞
−∞

∫ (c0+p)(1+αr)

−∞
u(w0 − p)f(x, r) dx dr

+
∫ ∞
−∞

∫ ∞
(c0+p)(1+αr)

u(w0 − p− x+ (c0 + p)(1 + αr))f(x, r) dx dr

Hence the assertion follows by straightforward formal differentiation as justified

by Assumption 2.1. That ∂pUSH(α, p) > 0 follows from Assumption 2.1(ii).

Lemma A.3. The derivatives of VSH and VPH defined in (5) are given by:

∂vVSH(v, w) = E
[
R 1S(v,w)

]
∂wVSH(v, w) = P [S(v, w)] > 0

∂vVPH(v, w) = E
[
Ru′(w0 + c0 −X + vR) 1S(v,w)c

]
∂wVPH(v, w) = −u′(w0 + c0 − w)P [S(v, w)] < 0

for all 0 ≤ v ≤ w, w ∈ [c0,∞).

Proof. Follows from Lemma A.2 and Assumption 2.1.

Lemma A.4. Let

R = eY − 1 and X = eZ ,

where (Y,Z) is jointly normal distributed with mean (µY , µZ), standard de-

viations σY , σZ , and linear correlation coefficient ρ(Y,Z). If E[R] > 0 and

ρ(Y,Z) < 0, then

E [R | X ≤ c] > 0 for all c ∈ R+.

Proof. The conditional distribution of Y given Z is normally distributed with

mean µY |Z=z = µY + ρ(Y,Z)
σY

σZ
(z − µZ) and variance σ2

Y |Z=z = σ2
Y (1− ρ2

(Y,Z)),
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see e.g. McNeil et al. [13, p. 68]. Hence

E[R | X = x] =
∫ ∞
−∞

(ey − 1)φµY |Z=ln(x),σ
2
Y |Z=ln(x)

(y)dy

where φµ,σ denotes the normal density function with mean µ and variance σ2.

Since (ey−1) is strictly increasing in y, ∂xµY |Z=ln(x) ≤ 0, and ∂xσ2
Y |Z=ln(x) = 0,

we infer that ∂xE[R | X = x] ≤ 0. Suppose, by contradiction, there exists

some c ∈ R+ with E[R | X ≤ c] ≤ 0. Then ∂xE[R | X = x] ≤ 0 implies

that E[R | X = c] ≤ 0 and thus E[R | X = x] ≤ 0 for all x ≥ c. Hence

E[R] = E[R | X ≤ c]P[X ≤ c] + E[R | X > c]P[X > c] ≤ 0 contradicts E[R] > 0.

26



B Appendix: Figures and Table
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Figure 1: Numerical results for β = 10.
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Figure 2: Numerical results for β = 30.
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Figure 3: Numerical results for β = 70.
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Figure 4: Numerical results for β = 30 – larger section.

α p USH(α, p)
A = (α∗, p∗) 0.3919 0.8828 0.1465
B = (ᾱ, p̄) 1 0.4787 0.0013
C = (α̂V aR, p̂V aR) 0.0912 0.8872 0.1379
D = (α̂ES , p̂ES) 0.0516 0.8872 0.1363

Table 1: Numerical values for β = 30.
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